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Abstract 

We consider (2+l)-gravity with vanishing cosmological constant as a constrained 
dynamical system. By applying Dirac's gauge fixing procedure, we implement the 
constraints and determine the Dirac bracket on the gauge-invariant phase space. The 
chosen gauge fixing conditions have a natural physical interpretation and specify an 
observer in the spacetime. We derive explicit expressions for the resulting Dirac brackets 
and discuss their geometrical interpretation. In particular, we show that specifying an 
observer with respect to two point particles gives rise to conical spacetimes, whose deficit 
angle and time shift are determined, respectively, by the relative velocity and minimal 
distance of the two particles. 

1 Introduction 

The diffeomorphism symmetry of general relativity has profound consequences for its 
quantisation. Its physical implications, such as the equivalence of observers and the absence 
of a fixed spacetime background, lead to conceptual problems in the construction of the 
quantum theory. In the description of its phase space, the diffeomorphism symmetry 
manifests itself through the presence of constraints. The implementation of these constraints 
in a quantum theory of gravity remains one of the fundamental problems of quantum gravity. 

As a consequence, investigations of the structure of "quantum spacetimes" tend to be based 
on either phenomenological models or on a partially quantised version of the theory in 
which the constraints are not fully implemented. The former have the draw-back that their 
relation to the theory of general relativity is not immediately apparent. For the latter it 
remains unclear whether results and conclusions that are drawn from an extended, not fully 
diffeomorphism-invariant version of the theory remain valid after the full implementation of 
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the constraints. Although there are recent results on constraint implementation and gauge 
fixing in Regge- Calculus [H El |3l H] and in state sum models of gravity ("spin foams") [5|, a 
full implementation of the constraints in (3+l)-dimensional quantum gravity seems currently 
not within reach. 

In (2+l)-dimensions, the theory simplifies considerably, while the conceptual issues and the 
problems related to constraint implementation are still present. Gravity in (2+l)-dimensions 
therefore serves as a toy model that allows one to investigate these issues in a fully quantised 
version of the theory. Important progress in the quantisation of the theory was achieved 
with quantisation formalisms based on the representation theory of quantum groups such as 
the combinatorial quantisation formalism [HI 13 IS]) tbe Turaev-Viro model [Hl[ID] and the 
Reshetikhin-Turaev-Witten invariants |1H I12j arising in the Chern- Simons formulation of 
the theory. 

As these formalisms achieve constraint implementation via the representation theory of 
quantum groups, they enjoyed great success in the applications where the relevant quantum 
groups are compact. However, except for Euclidean (2+l)-gravity with positive cosmological 
constant, the quantum groups arising in (2+l)-gravity are non-compact. The resulting 
difficulties in the combinatorial quantisation formalism were resolved for Lorentzian gravity 
with positive cosmological constant [13^ and partially for the case of vanishing cosmological 
constant jl4| fTC] . However, the representation-theoretical complications that arise in these 
cases suggest that it could be advantageous to first implement the constraints in the classical 
theory via gauge fixing and quantise the theory afterwards. For the cases in which a 
"constraint implementation after quantisation" approach is possible, this is also of interest, 
as it would allow one to compare the two approaches and determine if the resulting quantum 
theories are equivalent. 

A further motivation to investigate gauge fixing is an improved understanding of the interplay 
between gauge fixing and quantum group symmetry in (2-|-l)-gravity. With the exception of 
[16] . which investigates quantum group symmetries in a gauge-invariant quantised SL{2,C)- 
Chern-Simons theory with punctures, most investigations of quantum group symmetries 
in quantum gravity focus on extended, not fully diffeomorphism-invariant versions of the 
quantum theory. It therefore remains unclear if these quantum group symmetries are 
compatible with diffeomorphism invariance and survive the implementation of constraints. 
As the presence of quantum group symmetries manifests itself through the associated Poisson- 
Lie symmetries in the classical theory, constructing the Dirac bracket for (2-1-1) -gravity 
should allow one to draw conclusions about the presence of quantum group symmetries in a 
fully gauge-invariant quantum theory. 

Independently of its role in quantisation, gauge fixing in classical (2-|-l)-gravity is of interest 
with respect to its physical implications. In particular, there are strong indications that it is 
directly related to the inclusion of observers into the theory [17^ , which is a fundamental 
problem in quantum gravity. Constructing the Dirac bracket should therefore lead to a 
formulation of the classical theory which includes observers. This would be helpful for its 
physical interpretation and could be used to include observers in the associated quantum 
theory 

In this article, we apply Dirac's gauge fixing procedure to the Chern-Simons formulation of 
Lorentzian (2-|-l)-gravity with vanishing cosmological constant. We consider spacetimes of 
topology M X Sg^n, where Sg^n is a compact oriented surface of genus g with n punctures 
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that represent massive point particles with spirj^ The gauge-invariant (reduced) phase 
space of these models is a moduli space of flat connections on the spatial surface Sg^n- The 
Poisson structure on the moduli space of flat connections can be described in terms of a 
Poisson structure on an enlarged ambient space from which it is obtained by imposing six 
first-class constraints |18| [T^ . The parameters used in this description have a direct physical 
interpretation and can be related to measurements by observers in a spacetime |17] . 

We determine the Dirac bracket associated to this Poisson structure and construct the 
gauge-invariant (reduced) phase space. Our starting point is the observation that the gauge 
transformations generated by these six first-class constraints correspond to transformations 
that relate different inertial observers in the spacetime. Eliminating this gauge freedom via 
gauge fixing conditions thus amounts to fixing an observer in the spacetime. We consider 
two different types of gauge fixing conditions. The first specifies an observer with respect to 
the motion of two particles in the spacetime. The second characterises an observer with 
respect to the geometry of a handle of the surface Sg^n- 

We show that the resulting Dirac bracket has a direct physical interpretation in terms of 
spacetime geometry. For the first gauge fixing condition, it leads to a spacetime which is 
effectively conical. The opening angle and the time shift of the associated cone are given, 
respectively, by the relative velocity and the minimal distance of the particles. For the 
second gauge fixing condition, we obtain an effectively Minkowskian spacetime whose global 
degrees of freedom are determined by the geometry of the handles. 

We then give a detailed analysis of the Dirac bracket and its physical interpretation. In 
particular, we show that the Dirac bracket can be obtained from the non-gauge-fixed Poisson 
bracket for a spacetime with, respectively, n — 2 particles or g — 1 handles via a global 
translation. For the gauge fixing conditions based on point particles, this allows one to 
continue the bracket beyond the constraint surface. 

Our paper is structured as follows. In Section [2] we give a brief introduction to the geometry 
of (2-|-l)-dimensional spacetimes and their description in terms of a Chern-Simons gauge 
theory. We summarise the relevant results for their phase space and Poisson structure and 
introduce Fock and Rosly's Poisson structure [IB] , which describes the Poisson structure on 
the moduli space of fiat connections in terms of an enlarged ambient space. 

In Section [3] we investigate this Poisson structure from the viewpoint of constrained systems. 
We discuss the constraints arising in this description and the associated gauge transformations 
and show that the latter can be interpreted as transformations that relate different inertial 
observers in the spacetime. In Section |4] we motivate and define our gauge fixing conditions 
and show that they correspond to specifying an observer in the spacetime. 

Sections [5] and [6] contain the main results of our paper. In Section |5] we implement the 
constraints and gauge fixing conditions and derive explicit expressions for the associated 
Dirac bracket. Section [6] gives a detailed analysis of the resulting Poisson structure and 
its implications in terms of spacetime geometry. We show that the gauge fixing based on 
two point particles leads to an effectively conical spacetime and the gauge fixing based on 
handles to a spacetime that is effectively Minkowskian. For both cases, we show how the 
Dirac bracket can be obtained from the original Poisson bracket for a reduced system via a 
global translation. Section [7] contains our outlook and conclusions. 

^The spacetimes are also subject to certain geometrical restrictions that are detailed in Section Wl 
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2 Gravity in (2+1) dimensions 



2.1 Notation and conventions 



Throughout the paper, we employ Einstein's summation convention. Unless stated otherwise, 
all indices run from to 2 and are raised and lowered with the Minkowski metric ij = 
diag(l, —1, —1). We denote by Sabc the totally antisymmetric tensor in three dimensions with 
the convention eoi2 = 1- For three- vectors jc, y S M'^, we use the notation x • y 
and we denote by a; A y the three-vector with components {x A y)°' = e°''"^Xhyc- 

The proper orthochronous Lorentz group in three dimensions is the group S0{2, 1)^ 
PSL{2,R). We fix a set of generators Ja, a = 0, 1,2, of its Lie algebra so(2, 1) = s[(2, 
such that the Lie bracket takes the form 



[Ja, Jb] — ^ab^Jc- 

In the representation by s[(2,M) matrices, such a set of generators is given by 





Jo 



As the generators satisfy the relation Ja ■ Jb 
exp : s[(2,M) SL{2,R) takes the form 



J2 



Ml 0, 



(2.1) 



(2.2) 



\r]ab^ + ^Eab^Jc, the exponential map 



exp(p"Ja) 



cos f 1 2 sin f p^Ja if > 0, 
cosh f 1 2 sinh ^ if < q, 



t+P^Ja 



if p2 = 0, 



where 



H := 



if p2 = 0. 



(2.3) 



(2.4) 



Introducing the notation 



Cpifi) := 



cos ^ if > 0, 
cosh /i if p^ < 0, 



Spin) 



sm n if p^ > 0, 
sinh fi if p^ < 0, 



(2.5) 



1 



if p2 = 0, 







ifp2 



0, 



we can rewrite (2.3) as 



exp^p^Ja) 



(2.6) 



1. 



where the expression for lightlike vectors p is given by the limit limp2_^Q - 

Note that the exponential map exp : 5l(2,M) — )■ S'L(2,M) is neither surjective nor injective. 
The exponential map exp : s[(2,M) — t- PS'L(2,M) is surjective, but not injective. Elements 
M G SL(2,M.) are called hyperbolic, elliptic and parabolic, respectively, if the matrix trace 
satisfies |Tr(M)| > 2, |Tr(M)| < 2 and |TrM| = 2. For elements in the image of the 
exponential map this corresponds to p^ < (p spacelike), p^ > (p timelike) and p^ = 
(p lightlike) . 
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The representation by SO~^{2, 1) matrices coincides with the adjoint action of 5L(2,M) on 
its Lie algebra which is given by 

M{grjc:=g-Ja-g-^ V5G5L(2,M), ^diJaYbJc ■= &d{Ja){Jb) ■= [Ja, M- (2.7) 

Formula (2.1) for the Lie bracket then implies a,d{Ja)bc = —^abc, and the exponential map 
exp : so(2, 1) S'0+(2, 1) takes the form 

exp(ad(pVc))bc = Ad(exp(p"Ja))^^ 

(PbPc + cos jj. {rjbc - PbPc) - sin ft Ehcd if > 0, 

-PbPc + cosh /i (r/bc + PbPc) - sinh ^ Sbcd if < 0, (2.8) 

%c + \vbVc - Sbcd P'^ if p2 = 0. 



.3. In 



The Poincare group in three dimensions is the semidirect product P3 = S0^{2, 1) ix M^. 
the following, we will also work with its double cover P3 = S'L(2,M) x M'^, where SL{2 
acts on via the adjoint representation (2.7). We parametrise their elements as 

(u, a) = {u, — Ad('u)j) with a, j G M3,n G 5'0+(2,l) or u G S'L(2,M). (2.9) 

Their group multiplication laws then take the form 

(ui,ai) • (u2,a2) = {uiU2,ai + Ad(ui)a2) = (Min2, - Ad(tiin2)[j2 + Ad(u2 ^)jfi]). (2.10) 

A basis of its Lie algebra i5o(2, 1) is given by the basis { Ja}a=o,i,2 of so(2, 1) together with a 
basis {Pa]a=o,i,2 of the abelian Lie algebra M^. In this basis, the Lie bracket takes the form 

[Ja,Jb]=eJJc, [Ja,Pb\=e,b'Pc, [Pa,Pb\=^. (2.11) 

The Lie algebra iso(2, 1) has two quadratic Casimir elements which are given by 

M = Pa-P'', S = Pa-r + Ja- P" ■ (2.12) 



In the parametrisation (2.9), the exponential map expp^ : i5o(2, 1) — ^ P3 is given by 

expp3(pVa + k'^Pa) = {exp{p'J,),j) with j = T{p)k, (2.13) 
where T{p) : ^ R-^ is the invertible linear map 



'PaPb + il sin ^)^^[C0S ^{riab - PaPb) =F sin f SabcPl if > 0, 

-PaPb + (| sinh f )'^^[cosh ^{r]ab + PaPb) =F sinh ^SabcP"] if < 0, 

,VabT l^abcP"" ifp2 = 0. 



2.2 Spacetime geometry in (2+1) dimensions 

In the following we consider (2+l)-dimensional gravity with vanishing cosmological constant 
on manifolds of topology M ~ / x Sg^n, where / C M is an interval and Sg^n an orientable 
surface of genus g >0 with n punctures. The punctures represent massive point particles 
with spin. 
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As the Ricci curvature tensor of a Lorentzian or Riemannian three-dimensional manifold 
determines its Riemann curvature tensor, solutions of the vacuum Einstein equations are of 
constant curvature given by the cosmological constant. For the case of vanishing cosmological 
constant this implies that any solution of the vacuum Einstein equations is flat and locally 
isometric to three-dimensional Minkowski space M^. The theory has no local gravitational 
degrees of freedom but a finite number of global degrees of freedom which arise from the 
topology and matter content of the spacetime. 

Vacuum spacetimes Spacetimes that are solutions of the Einstein equations without 
matter are referred to as vacuum spacetimes, and their mathematical properties are rather 
well-understood. The simplest spacetimes of this type are maximal globally hyperbolic 
spacetimes whose Cauchy surface is an orientable, compact surface Sg of genus g >2. These 
spacetimes have been classified completely in ||20j, for an overview over their geometrical 
properties see also [211 [22] . They are of topology M M x and are most easily described 
in terms of their universal cover. 

In this description, the spacetimes are obtained as quotients of open, convex, future complete 
regions in Minkowski space by a free and properly discontinuous action of the fundamental 
group 7ri(5g). This action of the fundamental group is given by a group homomorphism 
h : TTi{Sg) — ^ P3 which is such that the Lorentzian components of its image form a cocompact 
Fuchsian group F C PSL{2,M) of genus g. In particular, this implies that the Lorentzian 
components of all holonomies are hyperbolic. The action of the fundamental group induces 
a foliation of the universal cover by surfaces of constant geodesic distance from the initial 
singularity of its spacetime, which are preserved by the action of TTi{Sg). The spacetime is 
then obtained by identifying on each surface the points that are related by this action of 
the fundamental group. It is shown in [211 that the group homomorphism h : 7ri{Sg) — )• P3 
characterises the spacetime completely and that two spacetimes constructed in this way are 
isometric if and only if the associated group homomorphisms are related by conjugation with 
P3. This implies that the physical (gauge-invariant) phase space of the theory is given by 

V = Romo{7Ti{Sg),P3)/P3, (2.15) 

where the index indicates the restriction to group homomorphisms whose Lorentzian 
component h : TTi{Sg) — )■ PSL{2,U.) defines a cocompact Fuchsian group of genus g. 

Point particles A second class of well-known (2-|-l)-spacetimes are those with particles. 
They were first investigated in the Euclidean context by Staruszkiewicz [23] and for Lorentzian 
signature by Deser, Jackiw and 't Hooft [21], see also the later work |25ll26ll271 128 ] [29] . 

The simplest model is a spacetime containing a single point particle in that is at rest 
at the origin. The corresponding metric was constructed in [21] . In cylindrical coordinates 
(r, p, (j)) it takes the form 

ds^ = {dT + ^ d<l,f - jT^^dp^ - p''d<t?, (2.16) 

where s G M and ^ € [0, 27r). The parameter /i can be interpreted as the mass of the particle 
in units of the gravitational constant, while the parameter s describes an internal angular 
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t 




Figure 1: Spacetime for a single particle. The metric for the spacetime with a point particle 
is obtained by cutting out a wedge in Minkowski space and identifying its boundary via 
a rotation by an angle and a translation s. The figure shows the wedge and a surface 
(r = const, p, (j)). 



momentum or spin in units of h. It is shown in [21] that in terms of a new set of coordinates 
(t, r, if) that are related to the cylindrical coordinates (r, p, (p) via 

t(r,/5,0)=r+^0, r(T,p,0) = -^, ^{r, p, ^) = {1 - ^)^, (2.17) 

^ 27r 



the metric (2.16) takes the form of the Minkowski metric 

ds'^ = df - dr^ - r^d<f^. (2.18) 

However, the range of the coordinate if is no longer [0, 2tt) but [0, 27r — p). This implies that 
the resulting spacetime is locally, but not globally isometric to Minkowski space. Instead of 



Minkowski space, the metric (2.16) describes a conical spacetime that is obtained by cutting 
out a wedge of Minkowski space as shown in Figure [T] and identifying its boundary according 
to the prescription {t, r, 0) ~ (t + s, r, p). This identification of the boundary is given by a 
rotation around the t-axis by an angle p combined with a translation in the direction of the 
t-axis by a distance s. The spacetime therefore has the geometry of a cone whose deficit 
angle Ay? = p and time shift Ai = s are given by the mass and spin of the particle. It 
should be noted that in the case of non- vanishing spin the spacetime exhibits closed timelike 
curves. However, these curves are no longer present if a small region around each particle is 
excised from the spacetime [211 ED] • 

The construction generalises straightforwardly to a point particle moving in Minkowski 
space, whose worldline is a future directed, timelike geodesic. This geodesic takes the form 

g(T) = Tp + x, ic-p = 0, (2.19) 

where T is the eigentime associated with the particle, p is a timelike unit vector that 
describes its velocity and x is the offset of its worldline from the origin. In this case, the 
spacetime is obtained by cutting out a wedge formed by two half-planes that intersect in 
the particle's worldline. The identification of the boundary is given by the unique Poincare 
transformation M £ P3 that preserves the geodesic g, whose Lorentzian component is a 
rotation by an angle p around p and whose translation component in the direction of p is a 
translation by a distance s. In terms of the parametrisation ( |2.9[ ), it takes the form 

M = {u,-Ad{u)j) = {v,x)-{exp{-pJo),-seo)-{v,x)~\ (2.20) 
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with u,v £ SO~^{2, 1) and j,x £ W^. The relation between the variables u,j and v,x is 
given by 

u = vexp{—fiJo)v''^ = exp{— fi p'^ Jc) , j = sp + (1 — Ad{u^^))x. (2-21) 

The spacetimes associated with a particle of given mass fi and spin s can therefore be 
identified with a Ps-conjugacy class 

C^,s = {g ■ (exp(-^Jo), seo) ■ g^^ \ g £ P3}, (2.22) 

or, equivalently, with an element {p, x) £ T*M'^ of the cotangent bundle of two-dimensional 
hyperbolic space. 

The three- vector p = ^p = //Ad(f)eo is the momentum three- vector associated with the 
particle. It describes the particle's momentum and energy. The three-vector x describes 
the position of the origin in the momentum rest frame of the particle. The three-vector 
j can be interpreted as a generalised angular momentum three-vector. Its component in 
the direction of p describes the internal angular momentum or spin s of the particle. Its 
components orthogonal to p describe an orbital angular momentum arising from its motion 
in Minkowski space. 



It is instructive to compare expression (2.21) for the angular momentum j in terms of the 



momentum and position variables p, x with the standard expression for a particle moving 
in Minkowski space. The latter is given by 

k = sp + X Ap. (2.23) 

A short calculation shows that the relation between the angular momenta j, k is given by 



the map T{p) : M'^ — ^ M"* defined in (2.14|. We have j = T{p)k, and the expression (2.21 ) 



for j reduces to (2.23) in the limit /i — t- 0. A detailed discussion of this relation and its 
physical interpretation is given in |19j . 

For the following, it will be useful to consider generalised cones associated with spacelike or 
timelike geodesies. The construction is analogous to the timelike case. Again, the associated 
spacetimes are obtained by removing a wedge from Minkowski space and identifying the 
boundary of the resulting region. The geodesic that describes the intersection of the 



associated planes takes the form (2.19), but the vector p is replaced by a spacelike unit 
vector or by a lightlike vector. The Poincare transformation that describes the identification 
of points of the boundary takes the form 

M = (exp(-/J,), - Ad(exp(-/J,))j) (2.24) 

with p,j £ M^. In the spacelike case, the vector p describes a Lorentz boost with rapidity 
fj, = \/\p'^\, in the lightlike case it describes a parabolic element of PS'L(2,M). 



Multi-particle spacetimes Spacetimes with multiple point particles were first intro- 
duced in [231 EH ES]. Their physical properties are well-understood and have been studied 
extensively in the physics literature [231 IMl E51 ESI EZl ESI E2] , for an overview see [3D] . 
However, their mathematical structure is considerably more involved than that of vacuum 
spacetimes, and a systematic investigation of their mathematical features has been initiated 
only recently [311 [321133]. 
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Figure 2: Generators of the fundamental group for an n-punctured genus g surface Sg^n- The 
generators of the fundamental group vri(5g^ri) are the homotopy equivalence classes of the 
curves mi, . . . , mn, ai, 61, . . . , a„, bn- The defining relation of 'Ki{Sg^ri) states that the curve 
c is contractible. The short wavy line indicates the cilium that defines a linear ordering of 



the incident edges at the basepoint as explained in Section 2.4 



Spacetimes with particles define manifolds with conical singularities or, in the case where 
the masses of all particles are rational multiples of 27r, orbifolds. With the exception of the 
orbifold case, they cannot be obtained as quotients of regions in three-dimensional Minkowski 
space. This is due to the fact that the elliptic elements of PSL(2,M) associated with the 
particles do not give rise to a free and properly discontinuous action of the fundamental 
group on hyperbolic space and the developing map is no longer an embedding |32| 155] . 

Although a classification and explicit description of such spacetimes is still missing, examples 
can be constructed by gluing the boundary of certain regions D C M'^ in Minkowski 
space. The boundary of the region D C M'^ can be divided into components which are 
identified pairwise by certain Poincare transformations. This identification is given by a 
group homomorphism h : vri(5g^„) from the fundamental group of the spatial surface 

Sg^n into the Poincare group and can be specified through the images of a set of generators. 

The fundamental group iTi{Sg^n) of a genus g surface with n punctures is generated by the 
homotopy equivalence classes of loops rrii, i = 1, . . . , n, around each puncture and by the a- 
and 5-cycles aj, bj, j = 1, . . . , g, associated to each handle as depicted in Figure |2j It has a 
single defining relation, which states that the curve c depicted in Figure [2] is contractible: 

[bg, a~^] o . . . o [bi,a^^] o m„ o . . . o mi = 1, [bg, a~^] := bg o ^ o bg^ o Ug. (2.25) 

The identification of the boundary of I? C M'^ is thus given by a set of Poincare elements 
Mi, Aj, Bj E P3 that satisfy a relation analogous to (2.25) and which are such that the 



elements Mj are restricted to fixed P3 conjugacy classes ^2. 22 ). They identify the boundary 



components of the region pairwise as shown in Figure [3] The Poincare elements Mi G C^^.s 
identify two adjacent segments that intersect in a timelike geodesic stabilised by Mj. This 
geodesic corresponds to the worldline of the associated particle. The Lorentzian components 
of the elements Mi are therefore elliptic. The elements Aj,Bj identify the remaining sides 
as shown in Figure [3] They correspond to the handles on the surface Sg^n- Their Lorentzian 
components are therefore hyperbolic. 

As the Poincare group P3 is the group of orientation and time orientation preserving 
isometries of Minkowski space, the resulting three-manifold with singularities inherits a flat 
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Figure 3: Identification of the boundary for a region D C M'^ for a surface 5*2,4 with four 
punctures and two handles. 

Lorentz metric induced by the Minkowski metric. As it is an isometry, applying a global 
Poincare transformation to the associated region D C M'^ does not affect the geometry 
of the resulting spacetime. This corresponds to a transformation of the associated group 
homomorphism h : 7Ti{Sg^n) P3 by conjugation. In terms of the variables p and j 



transformation 



defined in (2.24), conjugation of a holonomy by a Poincare element {w,y) corresponds to a 
p Ad{w)p, j Ad{w)j + [1 - Ad{wexp{p''Jc)w-^)]y. (2.26) 



The transformation of the variables p,j under a Lorentz transformation w £ PSL{2,] 
therefore given by 



IS 



p ^ Ad{w)p, j 
and their transformation under a translation y G 

P^P, j ^ j + [l-Ad(exp(pVa))]y. 



> Ad(^i;)j, 
takes the form 



(2.27) 



(2.28) 



As in the vacuum case, spacetimes whose associated group homomorphisms are related by 
global conjugation therefore should be identified. However, in contrast to the vacuum case, 
fittle is known about the properties of the associated regions D C M'^. For instance, for the 
case of point particles on a sphere, there exist non- isometric spacetimes that correspond 
to the same group homomorphism h : TTi{Sg^n) — P3 [MIES]. This phenomenon is known 
under the name of "holonomy failure" in mathematics. 
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In the following we focus on the formulation of (2+l)-gravity as a Chern-Simons gauge 
theory |35| 136], This is a closely related, but non-equivalent formulation of the theory whose 
phase space structure is well-understood. Our results do therefore not make use of the 
geometrical description of these spacetimes in terms of the universal cover and do not rely on 
geometrical classification results. However, the geometrical description will provide us with 
physical intuition about the spacetimes and act as a guideline for the physical interpretation 
of our results. 



2.3 The Chern-Simons formulation of (2+l)-gravity 

The Chern-Simons formulation of (2+l)-gravity |35| [55] is derived from Cartan's formulation 
of the theory in terms of a triad e = e^dx^ and spin connection oj = uo^dx^ on a smooth three- 
manifold M. It is obtained by combining the triad and spin connection into a Chern-Simons 
gauge field 

A = uj^Ja + e^Pa, (2.29) 



where J a, Pa denote the generators (2.11 ) of iso(2, 1). The gauge field is a connection 1-form 
of a i-*3 principal bundle on M. It determines the metric via 

9^.v = riabelel (2.30) 

It is shown in [36j that the Einstein-Hilbert action associated with Cartan's formulation of 
the theory can be expressed as a Chern-Simons action 

k 



S[A] = —f Ti{AAdA+lAAAAA), (2.31) 
47r Jai 



where k = 1/4G and where the trace Tr(5'T) = {S, T) is given in terms of the Ad-invariant 
symmetric bilinear form on iso(2, 1) defined by 

( Ja, Jb) = {Pa, Pb) = 0, {Ja, Pb) = Vab- (2.32) 

It is shown in that the transformations of triad and spin connection under infinitesimal 
diffeomorphisms are on-shell equivalent to infinitesimal Chern-Simons gauge transformations 

A ^ jA-f''^ + J dj-^ , -f: M ^ P3. (2.33) 

Note, however, that this equivalence between gauge transformations and diffeomorphisms 
does not hold for large, i.e. not infinitesimally generated, gauge transformations and diffeo- 
morphisms. Moreover, to define a non-degenerate metric via (2.30), the triad is required 
to be non-degenerate in Cartan's formulation, whereas no such condition is imposed in the 
Chern-Simons formulation. It is shown in [31] (for a discussion of the two-dimensional case 
see also [37J that this leads to discrepancies between the phase spaces of the two theories. 

Point particles are included into the formalism via minimal coupling to the Chern-Simons 
gauge field pB; . This requires the choice of a coadjoint orbit of the gauge group for each of 
the punctures which are determined by elliptic elements 

D^,^,s, = fiiJo + SiPo G iso(2, 1). (2.34) 

As suggested by the notation, the parameters fii,Si define the masses and spins of the 
associated particles. The Chern-Simons action with point particles then depends on these 
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parameters as well as dynamical variables hi G P3, i = 1, . . . ,n, associated to each puncture. 
The equations of motion derived from this action are a condition on the curvature and on 
the value of the gauge field at the punctures: 



k " 

F = dA + AAA = —Y^ hiD^^^sA^ Six - 

4vr .^-^ (2.35) 



= hiD^^s.h- ^ + hidh^ ^, 

where the coordinate parametrises the worldline of the puncture on M. This condition 
forces the gauge field A to be flat everywhere outside the worldlines of the particles and to 



take a fixed form in the vicinity of these worldlines. As the curvature in (2.35 ) combines the 
curvature and the torsion from Cartan's formulation 

F = F^Ja + T^Pa with = dw'^ + ie^^W,, T'^ = de"^ + e'^ Wc, (2.36) 
the masses /Xj appear as sources of curvature and the spins Si as sources of torsion. 

On manifolds of topology I x Sg^^ where / C M is an interval and Sg^n a compact orientable 
surface with punctures, one can give a Hamiltonian formulation of the theory which is 
obtained by splitting the gauge field a,s A = Aq{x^ , xs)dx^ + As{x^ , xs), where xs = {xi, X2) 
are the coordinates that parametrise the surface Sg^n and x^ parametrises /. The associated 



equations of motion are a flatness condition similar to (2.35) on the spatial gauge field As 
and a set of evolution equations, which state that the evolution of the system with respect 
to the parameter x^ is pure gauge. 

It follows from these considerations [6tj\ EE] that the gauge-invariant phase space of the 
theory is the moduli space of flat Pa-connections modulo gauge transformations on the 
(punctured) surface Sg^n- It is is given as the set of conjugation equivalence classes 

r = Hom(^^,,^),...,(^„,„^)(7ri(5,,„),P3)/P3 (2.37) 

of group homomorphisms h : TTi{Sg^n) -F3 which map the images of the loops around each 
puncture to fixed conjugacy classes 

C^,,,^ = {h ■ exp(/i, Jo + s,Po) -h-^lhe P3}. (2.38) 



2.2 



Using the set of generators of the fundamental group TTi{Sg^n) introduced in Section 
we can characterise a group homomorphism h : TTi{Sg^n) — ^ P3 through the images of the 
generators rrii, Uj, bj. The set of group homomorphisms h : 7ri{Sg^n) P3 which is such 



that the images of the loops mj lie in the conjugacy classes (2.38) can then be identified 
with the submanifold 

{{Mi,...,Mn,Ai,Bi,...,Ag,Bg)eP^+^'' I 

Mi e C^,,,,, [Bg,A-^] • [BuAY^] • M„ • • • Ml = 1} C ^3"+'^ (2.39) 



and the gauge-invariant phase space V in (2.37) is obtained from this manifold by identifying 



points which are related by global conjugation with P3: 
V = {(Ml, ...,Bg)G P^+^' I Mi e Cf,^,s,, [Bg, Ag^] ■ [BuA^^] • M„ • • • Mi = 1}/P3. (2.40) 

In the Chern-Simons formalism, the images of elements of the fundamental group under 
such group homomorphisms are obtained as the path-ordered exponential of the gauge field 
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along closed loops on S„ri- As the gauge field satisfies the flatness condition (2.35), the 



value of such path-ordered exponentials depends only on the homotopy equivalence class of 
the loop, and it transforms by conjugation under a change of the basepoint. In the fohowing 
we will refer to these path-ordered exponentials as holonomies. 

Note that the holonomies are directly related to the corresponding group homomorphisms in 



the geometrical picture (cf. Section 2.2). The restriction of the holonomies associated with 



loops around the particles to conjugacy classes (2.38) mirrors the corresponding condition 



(2.22) in the geometrical description. For the case without punctures, expression (2.37) for 



the phase space in the Chern-Simons formalism is directly related to the corresponding 



expression (2.15) in the metric formulation. Note, however, that the restriction to group 



homomorphisms that define cocompact Fuchsian groups of genus g is absent in the Chern- 
Simons formulation. This reflects the presence of configurations corresponding to degenerate 
metrics. 



2.4 Phase space and Poisson structure 



The moduli space of fiat connections (2.37) is equipped with a canonical symplectic structure 



obtained via symplectic reduction from the canonical symplectic structure associated with 
the Chern-Simons action. The description (2.37) of the phase space in terms of group 
homomorphisms h : iTi{Sg^n) P3 bas the advantage that it gives rise to an efficient and 
explicit parametrisation of this canonical symplectic structure on an ambient space. This 
description is due to Alekseev and Malkin [38^ and Fock and Rosly [18^ and has served as 
a central ingredient of the combinatorial quantisation formalism for Chern-Simons gauge 
theory P El [8] and in its apphcation to (2-hl)-gravity [T3l [391 liOllTH [T5] . 

In the following, we will work with Fock and Rosly's description [TH] of the moduli space. It 



describes the canonical symplectic structure on P in (2.37) in terms of an auxiliary Poisson 
structure on the group p^"*"^^^ where the different copies of P3 stand for the holonomies 



along a set of generators of the fundamental group ni{Sg^n) as in (2.39). 

This Poisson structure is non- canonical, as it requires two additional ingredients in addition 
to the underlying gauge theory: The first is a linear ordering of the edge ends incident at 
the basepoint of the fundamental group vri(5g_,i). As the orientation of the surface induces 
a cyclic ordering of these edges, a linear ordering is obtained by inserting a cilium that 
separates the edges of maximal and minimal order as shown in Figure |2j 

The second ingredient is a classical r-matrix for the group P3, i.e. a solution of the classical 
Yang-Baxter equation, whose symmetric component is dual to the Ad-invariant symmetric 
bilinear form (2.32) in the Chern-Simons action. It is shown in [T5] that, when reduced to 



the moduli space of fiat connections (2.40), this Poisson structure induces the canonical 



symplectic structure on V for all choices of classical r-matrices and of the ordering. 



In the following, we use the presentation of the fundamental group given in Section 2.2 and 



the set of representatives depicted in Figure [2} Our choice of ordering of edge ends at the 
basepoint is the one depicted in Figure |2j It defines the following partial ordering of the 
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holonomies Mi, . . . , M„, Ai,Bi, . . . , Ag, Bg-. 



X = Mi, Y = Mj with i < j, or 
X <Y ^ {X e{Mi,..., Mn},Y e{Ai,Bi,..., Ag, Bg}, or 
X e {Ai, Bi}, Y G {Aj,Bj} with i < j. 



(2.41) 



Our choice of the classical r-matrix is the one that corresponds to the Drinfel'd double 
DSO(2, 1) and is given in terms of the generators Pa, Ja in (2.11 ) as r = J'^. Fock and 
Rosly's Poisson structure jl8| for these conventions has been derived in {19\ . see also jl4j . 
The resulting description is summarised in the following theorem. 

Theorem 2.1 ([E])' In terms of the coordinates 

/ : (exp(-gV,),a) ^ q', : (exp(-gVe), a) ^ - Ad(exp(+gVe))'d (2.42) 

on the different copies of P^^, Fock and Rosly's Poisson structure ]18l on pj^^'^^ is given by 



ah -c 

c JMi 



,n. 



(2.43a) 



{PxJy} 
{P'k^p'y} 



-(l-Ad(n^i)) 



d 

^db -c 

^ c Jy 



X <Y, 



(2.43b) 



{pX,paJ 
{jX^paJ 

{p%^,pbJ 

{jBi ) JBi } 
{jAi 1 JBi } 

{pa,,PbJ 

{A,p%} 



-e'^'c P% 



-e"', P%^ 
-^'^'c fB. 



.cb 



1, • • • ,5, 



(2.43c) 



where the linear map T{p) : 



and its inverse T(p) ^ are given by (2.14) and the 



notation X <Y refers to the partial ordering (2.41). 



It is shown in jl9|[5U] that Fock and Rosly's Poisson algebra can be identified with the Poisson 
algebra spanned by functions and vector fields on n+2g copies of 50^(2, 1) = PSL{2, R). For 
this, one labels the components of PSL{2, M)"+^^ with umi, ■ ■ ■ ,um„, UAi, uBi, ■ ■ ■ , UAg, ub^ 
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and denotes for X S {Mi, . . . , M^, Ai, Bi, . . . , Ag, Bg} by R^, L\ associated left- and 
right-invariant vector fields on PS'L(2, M)""*"^^, 



RxfiuMi,---,UM„,UAi,---,UBg) = ^ 
Lxf{uAh,---,UM„,UAi,--.,UBg) = ^ 



fiuM-,,- ■■,UX ■ e*-^", . . .,UBg), 

i=0 



i=0 



(2.44) 



The variables can then be identified with the following vector fields on PSL{2, 
Jk = -iKu+LliJ - {l-Ad{uMj)\Y.iL'k + Rx), (2.45) 

X>AU 

4 = -{RX + LX) - {R%, +L%J- M{u-^]ubX,R% - (1 - Kd{uA:))\Y.{L\ + R'x), 

X>A, 

A = -(Ri. + L%J - L% - (1 - Ad{uBX,Y.(Lx + R'x), 

X>B, 



where the expressions X > Mi,X > Ai,X > Bi refer to the partial ordering (2.41). The 
variables correspond to functions on S'L(2, M)""'"^^. The Poisson brackets of variables 
jx and Py describe the action of the associated vector fields on functions and the Poisson 
brackets between variables j^, jy are given by the Lie bracket of the associated vector fields. 

A detailed analysis of Fock and Rosly's Poisson structure for the group P3 is given in 
|19| [55] . It is shown there that it restricts to a symplectic structure on the submanifold 
C^J.l,sl X • • • X C^^^sn X Pg^. Moreover, the results of [4lj demonstrate that the mapping 
class group Map(S'g^„ \ D) of the associated surface Sg^n \ D with a disc removed acts on 
this Poisson manifold by Poisson isomorphisms. As different orderings of the particles and 
handles are related by the action of elements of the mapping class group, this implies in 
particular that Fock and Rosly's auxiliary bracket depends only trivially on the choice 
of the ordering. 



3 Gauge fixing in (2+l)-gravity 

3.1 Constrained systems and gauge fixing 

In the following, we will consider Fock and Rosly's Poisson algebra as a constrained mechanical 
system and construct the associated Dirac bracket. We start by summarising the relevant 
concepts from the theory of constrained systems |421 H3l following |l5] . (For a pedagogical 
introduction, see also [46^ and (47].) 

A constrained mechanical system is given by a Poisson manifold {Vcxt, { }) together with 
a set of constraint functions {(pi}i=i,...,k C C°°(Pext)- The manifold {Text, { }) is called the 
extended phase space of the theory. The constraint surface S is defined by the condition 
S := {g G Voxt I Mq) = Vi = 1, . . . , A:}. 

Constraints can be classified via the concept of weak equality. Two functions F,G €z C°°{Vcy±) 
are said to agree weakly, F ~ G, if they are equal on the constraint surface: F{p) = G{p) for 
all p G S. This property implies that they differ by a linear combination of the constraints 
with C°^(Pext)-valued coefficients: 

F ^ F -G = cVi for some G C°°(Pext). (3.1) 
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First-class constraints are constraints whose Poisson bracket with all other constraints 
vanishes weakly: 

(t)i first-class (t)j} Vj G {1, . . . , k}. (3.2) 

Constraints which are not first-class are called second-class. Via the Poisson bracket, a 
first-class constraint (j)i generates a gauge transformation 

d 



5iF:={F,<i,i} 



Fo^l VFeC°°(7'ext), (3.3) 

i=0 



where : M x "Pcxt "Pext denotes the flow generated by (pi. Formahy, Casimir functions, i.e. 
functions whose Poisson bracket with all functions in C°°(Vext) vanishes, are also first-class. 
However, as the associated gauge transformations are trivial, we will not consider them to 
be first-class constraints in the following. 

Functions O G C°°(S) on the constraint surface that are weakly invariant under gauge 
transformations are called observables: 

O G C°°(S) observable :^ diO ^ Vi e {1, . . . , /}. (3.4) 

Observables can also be thought of as equivalence classes of gauge-invariant smooth functions 
on the extended phase space Pext, with the equivalence relation given by F ~ G F « G. 
Since for any representative O' in the equivalence class of O we have 5iO' « SiO, the 



condition (3.4) is still well-defined in this picture. 



Observables encode the physical degrees of freedom of the system and describe possible 
outcomes of measurements. In contrast, the description of the system in terms of the 
extended phase space and the constraint surface is redundant. Both contain unphysical 
("gauge") degrees of freedom. This redundancy of the description is encoded in the gauge 
transformations. Any two points of the constraint surface which are related by the flows 



as in (3.3) describe the same physical state. A physical state thus corresponds to a gauge 
equivalence class of points on the constraint surface, and the outcome of measurements is 
described by gauge equivalence classes of functions on the extended phase space. 

The physical content of the theory can therefore be described unambiguously by restricting 
attention to the gauge-invariant observables. However, in practice this is often not feasible 
as the resulting Poisson algebra can be complicated. (For the case of (2-|-l)-gravity, see 
|1H1 1121 ED]). An alternative approach is to construct a set of representatives for the gauge 
equivalence classes of functions on the extended phase space Text- This is done via a 
gauge fixing procedure. It amounts to imposing an additional set of constraints Xj ~ Oi 
Xj £ C°°(Pext)j called gauge fixing conditions, such that the gauge freedom generated by 
first-class constraints is eliminated. 

For simplicity, we restrict our discussion of the gauge fixing procedure to constrained systems 
with only first-class constraints. Moreover, we suppose that the constraint functions are 
non- redundant, i.e. that the constraint surface S is a submanifold of the n-dimensional 
manifold "Pcxt of dimension m = n — k and that the gradients grad(</>j) of the constraint 
functions are linearly independent everywhere on S. In this setting, a good set of gauge 
fixing conditions must have two properties: 

1. It must be accessible without changing the values of observables, i.e. it must be possible 
to map any point q S S on the constraint surface to one that satisfies the gauge fixing 



conditions by using the fiows associated to the gauge transformations (3.3) 
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gauge fixing conditions 




gauge orbits 



Figure 4: The constraint surface S inside the extended phase space Vext- The gauge fixing 
conditions must be such that the associated submanifold of S intersects each gauge orbit 
exactly once. 

2. It needs to eliminate the gauge freedom completely, i.e. no gauge transformation 
may preserve all the gauge fixing conditions. In other words, the number of gauge 
fixing conditions must agree with the number of constraints, and the matrix C = 
{{Xji4'i})i,j=i,...,k must be invertible everywhere on the constraint surface. 

These conditions imply that the gauge fixing conditions {xj}j=i....^k together with the original 
constraints {</'j}i=i,...,fc can be viewed as a set {Cj}i=i,...,2/c of second-class constraints, for 
which the matrix {{Ci,Cj})ij=i^,„^2k is invertible anywhere on the constraint surface. 

Geometrically, this approach corresponds to defining an (m — A;)-dimensional submanifold of 
the m-dimensional constraint surface T, which intersects every gauge orbit exactly once. It 
is equivalent to taking the quotient C°°(S)/^ of functions C°°(E) on the constraint surface 
by gauge transformations 

By adding the gauge fixing conditions, one thus replaces the original constrained system 
by a constrained system with second-class constraints only. In the latter, every phase 
space function represents an observable, but we need to identify functions that agree on 
the gauge- invariant phase space V := {q £ Vext | Cj(g) = Vi = 1, . . . ,2k}. To ensure 
consistency of the constraints and gauge fixing conditions with the Poisson structure, the 
Poisson structure needs to be altered in such a way that the constraint functions and gauge 
fixing conditions weakly Poisson-commute with all functions on the extended phase space 
and that the new Poisson structure agrees with the original one for all observables. Such a 
way of altering the Poisson structure is provided by Dirac's gauge fixing procedure which 
results in the Dirac bracket [121 SSI HH . 

To implement Dirac's gauge fixing procedure, one considers the Dirac matrix 

Dij :={Ci,C,}, i,j = l,...,2k. (3.5) 

By construction it is invertible on the constraint surface S. This implies that there is a 
matrix D^^ , unique up to functions of the constraints, that satisfies DijD^^ ~ 6^. The Dirac 
bracket of functions F,G £ C°°(Vcxt) is defined in terms of this matrix as 

2k 

{F, G}d ■■= {F, G}-Y. {F, Ci}D^^{C,, G). (3.6) 

*Note that the geometry of the constraint surface may make it impossible to choose one gauge orbit that 
globally fixes the gauge completely. This is known as the Gribov obstruction |45| . In our case, however, this 
problem does not occur. 
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that the Dirac bracket defines a Poisson structure on the constraint 



It is shown in 

surface. It follows directly from formula (3.6) that the Dirac bracket {O, 0'}d weakly agrees 
with the original Poisson bracket for all observables 0,0' £ C°°{Vex_t) and that the Dirac 
bracket of any constraint or gauge fixing condition with a function F E C°°('Pext) vanishes 
weakly, i.e. 

{F, Ci}D ~ VF G C°°(Pext), i G {1, . . . , 2k}. (3.7) 

This allows one to impose the constraints as identities without obtaining contradictions 
with the Poisson structure. In other words: it ensures that the Dirac bracket, unlike the 
original Poisson bracket, gives a well-defined Poisson structure on observables, i.e. on classes 
of functions on S whose values agree on the gauge-invariant phase space V. 

3.2 Gauge fixing and reference frames in (2+l)-gravity 



We will now consider the gauge- invariant phase space (2.37) in the Chern-Simons formulation 



of (2+l)-gravity as a constrained dynamical system whose extended phas e sp ace is given 
by Fock and Rosly's Poisson structure on P^'^'^^ . As discussed in Section 



2.3 



the moduli 

space of flat Ps-connections (|2.37l) is obtained from the manifold P3 by restricting the 



holonomies associated with the punctures to fixed Ps-conjugacy classes (2.38), by imposing 



an additional relation that mirrors the defining relation of the fundamental group 7ri{Sg^n) 
and by identifying points that are related by global conjugation with P3. 

The extended phase space is therefore given by the group P.?"''^^, 



in which the different 



components represent the holonomies along a set of generators of the fundamental group 
TTi^Sg^n)- The system exhibits two types of constraints. 

Mass and spin constraints for the particles The first set of constraints are two 
constraints for each particle, which restrict the associated holonomy Mj to the conjugacy 
class Cfj^.^Si defined via (2.38) by its mass and spin s,. In the following, we will refer to 



these constraints as mass and spin constraints for particles. In terms of the variables in 
Theorem |2.1[ they take the form 



0, 



Pm, ■ hu - ~ Vi = 1, . . . , n. 



A short calculation shows that the mass and spin constraints for the particles are Casimir 
functions of Fock and Rosly's Poisson algebra. They are therefore not associated with gauge 
transformations and their implementation does not pose any difficulties. 



Closing constraints The second set of constraints arises from the defining relation of the 



fundamental group (2.25) and restricts the holonomy along the curve c in Figure |2j to the 

(3.9) 



identity. Parametrising this holonomy as 

(exp(p^J,), Je) := Mfi • • • M-'[Ai\Bi] • • • [A-\Bg], 
we can reformulate these constraints as 

Jc~0, p^^O VaG{0,l,2}, 



(3.10) 
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where the three- vectors P(j, are defined as functions of the holonomies of different particles 
and handles by 



uc = exp{-pcJa) = UKg ■ ■ ■ UKiUM„ ' ' ' UMi , 
n g 



(3.11) 



i=l i=l 



with 

UK, := UB,u^]u]^]uA,, 3k, ■= [^<^{uB,)-^<^{uB,u'y^])\jB^-[Kd{uB,)-M{uKj\3A,- (3-12) 

In the following, we will refer to these constraints as closing constraints. It is is shown in 
[TU] that the Poisson brackets of the six closing constraints coincide with the Lie bracket of 
the Poincare algebra: 

{PcM = 0, {fcJc} = -e^'^p'h, = -e^'^jt (3.13) 

The closing constraints thus form a set of first-class constraints in the terminology of Dirac. 
Their Poisson brackets with the momentum and angular momentum three- vectors of different 
particles and handles take the form 

{fc.Jx} = -e^'dji, {phJx} = (1 - P^d{u-^'))\T-\pcr , 

for all X E {Mi, . . . , M„, j4i, . . . , Ag, Bg}. The angular momentum thus generates 
global Lorentz transformations which act on the holonomies by simultaneous conjugation 
with elements of PS'-L(2,]R). The momentum Pq generates global translations. Note that 



the last formula in (3.14) does not correspond to the infinitesimal version of the standard 



expression ( |2.28 ) for translations. Instead, these translations are deformed with the invertible 



map T^^{p(j) defined in (2.14). The impact of this deformation is discussed in detail in 
|19j . For the following, it will be sufficient to note that this map is invertible and that the 
components of the three- vector p^ therefore generate the full set of translations in . 

To summarise, the extended phase space is given by the manifold p^^"^^ with the Poisson 
structure from Theorem |2.1[ The constraint functions are the 2n mass and spin constraints 



(3.8) which act as Casimir functions, and the six closing constraints (3.10) which are first-class 
and generate six global Poincare transformations. 

In the geometrical picture that describes the construction of spacetimes from regions 
D C M'^ in Minkowski space, the Poincare transformations that are generated by the 
first-class constraints correspond to global Poincare transformations acting on D. As they 
are isometries of Minkowski space, they do not affect the metric on the spacetime obtained 
by gluing the boundary of D. Global Poincare transformations therefore relate different 
descriptions of the same spacetime. However, they change the momentum and angular 
momentum variables associated with the different particles and handles. 



As discussed in Section 2.2, the momentum and angular momentum variables associated 
with the particles and handles characterise the geometry of the spacetime with respect to an 
arbitrarily chosen reference frame, namely an observer at rest at the origin. Their change 
under a global Poincare transformation can therefore be interpreted as a transition between 
two observers. 
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Two sets of holonomies that are related by global conjugation thus give different descriptions 
of the same spacetime with respect to two different observers. As there is no preferred 
observer, these two descriptions are physically equivalent. The two sets of holonomies 
therefore give equivalent descriptions of the same physical state, and the global Poincare 
transformations relating them have the interpretation of gauge transformations. 

Eliminating this gauge freedom through gauge fixing thus amounts to choosing an observer. 
As there is no external or preferred reference frame, this observer must be specified with 
respect to the geometry of the spacetime itself, which is given by the holonomies. This 
amounts to imposing a condition on certain holonomies which is not preserved under global 
conjugation with P3. In the next section, we will give two specific preocedures in which 
an observer is specified either with respect to point particles in the spacetime or to the 
geometry of one of its handles. 



4 Gauge fixing conditions 

4.1 Gauge fixing with respect to particles 

We start by considering spacetimes M « J x Sg^n with non-trivial physical degrees of freedom 
(12(7+4n > 12) that contain at least two particles (n > 2) and impose a gauge fixing condition 
that specifies a reference frame with respect to two particles. For simplicity, we assume that 
the two particles under consideration are the ones associated with the holonomies Mi and 
M2. As different orderings of the particles are related by the action of the mapping class 



group, which acts on Fock and Rosly's Poisson algebra (2.43) by Poisson isomorphisms 
this does not affect the generality of the result. 

We restrict attention to spacetimes for which there are at least two particles whose associated 
worldlines in Minkowski space are not parallel, i.e. whose momentum three- vectors are linearly 
independent. This restricts generality, as it excludes a certain sector of the gauge-invariant 



phase space (2.37). Note, however, that spacetimes in which all particle worldlines are 
parallel have a preferred direction and differ in their geometrical properties from the generic 
case. We expect that they could be treated in a similar fashion. However, they will require 
different gauge fixing conditions and for this reason we will not consider them in this article. 

To determine a gauge fixing condition, we note that a physical system consisting of two 
point particles in Minkowski space has eight parameters, but only two Poincare-invariant 
degrees of freedom. The first is the relative velocity of the particles, or, equivalently, the 
rapidity of the Lorentz boost relating their momentum vectors. The second is the minimal 
distance of their worldlines in Minkowski space. All other parameters can be eliminated by 
applying a global Poincare transformation to the system. A natural condition for defining a 
reference frame with respect to a two-particle system is given as follows: 



1. One imposes that the first particle, i.e. the particle associated with Mi, is at rest 
at the origin. This fixes the reference frame up to rotations around the xg-axis and 
translations in the direction of the xo-axis. 

2. One imposes that the second particle, i.e. the particle associated with M2, moves in the 
direction of increasing xi-coordinate and that the distance of its worldline from the one 
for Ml is minimal at xq = 0. This condition implies that the timelike, future-directed 
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Figure 5: Gauge fixing condition for particles. The geodesic qmi associated with the first 
particle coincides with the xo-axis, while the geodesic associated with the second particle 
lies in an affine plane parallel to the xo-xiplane. 



geodesic associated with M2 intersects the xi-a;2-plane on the a;2-axis. It eliminates 
the residual gauge freedom of rotations around and translations in the direction of the 
XQ-axis. 

Clearly, these gauge fixing conditions define a preferred reference frame and hence an observer. 
The momentum rest frame of this observer coincides with the momentum rest frame of the 
first particle. His xi-axis coincides with the direction of motion of the second particle, and 
his position is such that the first particle is at rest at the origin, while the second particle is 
closest to the first at eigentime t = 0. 

These gauge fixing conditions imply that the associated timelike geodesies in Minkowski 
space take the form shown in Figure [5] They can be parametrised as 

5A/i(i) = (i,0,0), fifA/aW = (0,0, q) +t (cosh V',sinhV',0), aGM,V>0, (4.1) 

where tanh'(/'(0, 1,0) is the velocity of the second particle with respect to the observer and 
a(0, 0, 1) is its position at the point of minimal distance from the observer. Note that is a 
positive real number, since the particle moves along the xi-axis in the direction of increasing 
xi-coordinate, while a can take any real value, including zero. 

The associated particle holonomies Mi, M2 are determined by the condition that they 



preserve the particle geodesies (4.1) and that they lie in a fixed Pa-conjugacy class specified 



by the masses /ii, ^2 and the spins si, S2 of the particles. With the parametrisation 



(4.2) 



one finds that that they are given by the following conditions on the particle's momentum 
and angular momentum vectors: 



Pmi = /^i£'Mi(i) 



PM2 = /^2ffM2(i) 




J Ml 



3m2 




+ a 



■ sinh ijj sin ^2 
cosh Tp sin ^2 
1 — cos ^2 



(4.3a) 



(4.3b) 
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The holonomies associated with the two particles are thus determined uniquely by the choice 
of a reference frame together with the relative velocity ip and the minimum distance a, and 
this choice eliminates the gauge freedom of applying global Poincare transformations. It can 
be expressed in terms of the following six gauge fixing conditions: 



PAh 

All 



0, 



(4.4) 



0, 

0, pmJIh + ^ {PlhPMijm - Ph'hPmjlh ) ^ 0' 

where the last and most complicated condition encodes the identity ~ (0,0,0;). 

In the following, it will be useful to give an explicit parametrisation of the momentum and 
angular momentum vector associated with the two gauge-fixed particles. Parametrising the 
product of the associated holonomies as 



(exp(p^Jc),jR) :=M2Mi, 



(4.5) 



we obtain an expression for the momentum three- vector = fJ-Rp^ in terms of the 
dynamical parameters a and ip and of the masses and spins of the gauge- fixed particles: 



s (^) 



-PR 



COS ^ COS ^ 



-sin ^ sin ^ 



sin ^ sin ^ cosh -0, 

cot ^ -|- cot ^ cosh ip^ 
cot ^ sinh ip 
— sinh ^/J 



(4.6a) 
(4.6b) 



where the functions Sp,Cp are defined as in (2.5). The variable fiji defines the opening 



angle of the generalised cone associated with the two-particle system and the vector the 
direction of its axis. Similarly, the angular momentum vector jji defines the time shift of 
the cone, which is given by the spin sr, and the cone's offset xr orthogonal to its axis: 



3r = srPr + [1 - Ad{exp{-p%Jc))]xR, xr ■ = 0. 



(4.7) 



In terms of the variables a, ip and the masses and spins of the gauge-fixed particles, these 
quantities take the form 



3r = si 



''sinh^ cos ^2 — cosh^ ijj^ 
2 



sinh(2V') sin^ ^ 



V 



sin fi2 sinh ip 





''cosh 


/ 


)- 


sinh 


-|- a 




I / 


V 



sin H2 cosh ip 

1 — cos fi2 



sm 



sm 



SR-- 



XR- 



sm 



fir 



Si sm 



^ ^ sinh i/j 



si(cot ^-|-cot ^ cosh 'i/') + S2 (cot ^-|-cot ^ coshV')— 2Q;sinh^/; 
S2 sin^ ^ sinh ip 



2sin2 tf 



( sinh^ 
cosh ■0 



-cotf 



2sin2 



,cot^^ 



+ 



2asin2 ^sin^ i^(cot 



,2 i^, 



^ + cot f cosh 0) 



2sin2 ^ 




1 

.cot^^ 



(4.8a) 
(4.8b) 



(4.8c) 



4.2 Gauge fixing with respect to handles 



In addition to the particle gauge fixing conditions, we also consider two gauge fixing conditions 
that specify a frame of reference with respect to the geometry of a handle. For simplicity, we 
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restrict attention to spacetimes M ^ I x Sg^ without particles and with at least two handles. 
The case of genus g = 1 and no particles is the torus universe, for which the constraints can 
be solved explicitly (for an overview over the torus universe, see [30]). The case of genus 
g > 1 and with particles can be treated in similar fashion, but the ordering in Figure |2] 
should be adjusted accordingly to simplify the calculations. 

We consider two gauge fixing conditions that specify a reference frame with respect to the 
geometry of the first handle, which is given by the holonomies Ai and Bi. In this case, the 
Lorentzian components of the holonomies Ai, Bi are hyperbolic. As the holonomies for the 
handles are not restricted to fixed Ps-conjugacy classes, the variables which generalise the 
mass- and spin variables for particles are not Casimir functions of the Fock-Rosly bracket. 
Each handle has six Poincare-invariant degrees of freedom: the mass variables 

^^A^ = V^piJ: /^Bi = \/lp|J> (4-9) 

the spin variables defined through 

as well as two further parameters which specify the relative orientation and relative offset of 
the geodesies that are stabilised by the holonomies Ai and Bi. 

This leads to two natural gauge fixing choices. The first one imposes that the geodesic in 
Minkowski space stabilised by Ai is the xi-axis, while that geodesic stabilised by Bi lies in 
an affine plane parallel to the xi-X2-plane. In this case, the intersection of the two planes 
that are stabilised by the Lorentz components of the holonomies Ai , Bi is the xq axis and 
hence a timelike geodesic in Minkowski space as shown in Figure |6j For this reason, we 
will refer to this gauge fixing as the "timelike intersection" gauge fixing condition in the 
following. 

The second gauge fixing condition imposes again that the geodesic stabilised by Ai coincides 
with the xi-axis. However, in this case the geodesic stabilised by Bi is required to lie in an 
affine plane parallel to the xo-a^i plane. This condition implies that the two planes that are 
stabilised by the Lorentzian components of the holonomies Ai, Bi intersect in the X2-axis 
as shown in Figure |6} For this reason, we will refer to this condition as the "spacelike 
intersection" gauge fixing in the following. 

One might also consider imposing a "lightlike intersection" gauge fixing condition, in which 
the two planes stabilised by the holonomies Ai,Bi intersect in a lightlike geodesic in 
Minkowski space. Although such a condition could be imposed in principle, its geometrical 
interpretation does not fit the case considered here, namely spacetimes of topology M x Sg^n, 
where Sg^n is a compact surface with punctures representing particles. Imposing a lightlike 
gauge fixing condition would imply that the geodesies in hyperbolic space that are stabilised 
by the Lorentzian components of the holonomies Ai,Bi meet at a point at its boundary. 
This situation can arise for spacetimes whose spatial surfaces exhibit cusps, but not for 
spacetimes with compact spatial surfaces that contain only punctures representing particles. 
For this reason, we restrict attention to the "timelike intersection" and "spacelike intersection" 
gauge fixing conditions defined above. 

For the "timelike intersection" gauge fixing condition, the two geodesies that are stabilised 
by the holonomies Ai,Bi can be parametrised uniquely as 

5Ai(t) = (0,t,0), = (a,0,0) +t(O,cos'0,sinV), a G M, G (0, vr), (4.11) 
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Figure 6: Gauge fixing conditions for handles. The geodesic qai stabilised by Ai coincides 
with the xi-axis. For the "timelike intersection" gauge fixing on the left, the geodesic gs, 
stabilised by Bi lies in an affine plane parallel to the X1-X2 plane. The two planes stabilised 
by the Lorcntzian components of Ai and Bi intersect in the xg-axis. For the "spacclikc 
intersection" gauge fixing pictured on the right, the geodesic gs, stabilised by Bi lies in 
an affine plane parallel to the xo-Xi-plane. The two planes stabilised by the Lorentzian 
components of Ai and Bi intersect in the X2-axis. 



which implies that the holonomies are given by 



3Ai = SA, 




( \ 



3 b, 




1 — cosh llB^ 
sin il) sinh \i b, 
— cos sinh jiB, 



(4.12) 



Note that we exclude the values '0 = 0, tt, because they would imply that the Lorentzian 
components of Ai and Bi stabilise the same geodesic in hyperbolic space. In this case, the 
holonomies Ai and B\ would not describe the geometry of a handle. 

Equivalently, this gauge fixing choice is given by the six constraints 



PAi 



0, 



3% - 0> 



Pa, ^ 0' 
3a, ~ 0, 



Pb, 



0, 



Pb,3b, + ^^'^^^{pb,Pb,3b, - Pb,Pb,3b,) ~ 0. 



(4.13) 



For the "spacclikc intersection" gauge fixing condition, the two geodesies that are stabilised 
by the holonomies Ai , Bi can be parametrised uniquely as 



gA^{t) = {0,t,0), 5Bi(t) = (0,0,a) + t(sinhV;,coshV',0), Q;eM,V'>0, (4.14) 
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and the associated holonomies take the form 



J A, = SA, 




JBi= SB, 




+ a 



^ — cosh ^ sinh [i b, 
— sinh ^\) sinh [ib, 
^ 1 — cosh 



(4.15) 



As in the "timelike intersection" gauge fixing, the value ■i/' = is excluded, because it would 
imply that the Lorentzian components of the holonomies B\ stabilise the same geodesic 
in hyperbolic space. Such a configuration would not describe the geometry of a handle. 

The constraints that implement this condition can therefore be expressed as 



Pa, 
3a, 



0, 
0, 



P\. 

A, 



0, 
0, 



Pk 



0, 



PB,jB,+^^^^^iPB,PB,jB, -PB,Pkjk)'^0- 



(4.16) 



For both gauge fixing choices, the total momentum vector and angular momentum vector of 
the gauge-fixed handle are defined via the identity 



(exp(p^Ja),j^) 
= ([uB,,u^l] 



- Ad{uB,) - Ad{uB,u'2^] 



(4.17) 



3b, + Ad(uBj - Ad{[uB,,u/j) 



3a, 



The geometrical interpretation of these gauge fixing conditions is less immediate than in 
the particle case. They specify the observer with respect to the geometry of the spacetime, 
namely the holonomy variables Ai, Bi which characterise the geometry of its first handle. 
Similar conditions for fixing an observer are investigated in [17] , which studies measurements 
performed by observers by emitting and receiving returning lightrays. It is shown there that 
the measurements of observers specified by such gauge fixing conditions take a particularly 
simple form and that the conditions can be interpreted as defining an observer who is 
"comoving" with respect to certain geodesies in the spacetime. 



5 The Dirac bracket for (2+l)-gravity 

5.1 The Dirac bracket for the particle gauge fixing condition 



We are now ready to derive the central result of our paper, which is an explicit description of 
the Dirac bracket associated with the gauge fixing conditions for particles and handles. We 
start by considering the gauge fixing based on two particle holonomies with the first-class 



constraints (3.10) and the gauge fixing conditions (4.4). We have the following theorem. 



Theorem 5.1 (Dirac bracket for the particle gauge fixing) 



In terms of the variables defined in Theorem 2.1 and in terms of the parametrisation (4.3) 



by the variables tpjU defined in (4.1), the Dirac bracket resulting from the gauge fixing 



conditions (4.4) is given as follows. 



1. The components of the vectors Pm,7 3m, <^f^ Casimir functions for the Dirac bracket. 
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2. The Dirac brackets ofpj^^,jj^^^ withpj^^^j^^ vanish: {V',a}D ~ 0. The Dirac 
brackets of p^^^jj^^^ with momenta and angular momenta Pxi3x> ^ ^ {-^3) • • • j-^n, 
Ai,..., Bg], are given by the following brackets: 

r, . n SI ■ \ (1- Ad(M^^))pR pR^Px 
{'4',Px}d^0, {V',Jx}d~ z ,o N ' {«>Px}d^ 



pR-idjaJda) ' ' pji- {djji/da)' 

\ ^ Pfl ^ jx (1 - Ad(n^^)) [pj; A XR-^R pjj] 
PR ■ {djR/da) Pr ■ {djR/da) 

where ^u- '^^^■(Pr^'^r) 
wnere !;r - p^.^Qji^/da) ■ 

3. For all X,Y E {M3, . . . , M„, Ai, . . . , Bg} the Dirac brackets of the associated momenta 
and angular momenta take the form 

{Px,Py}d-0, (5.2a) 
{Jx^pUd « {fx^Py} + (1 - Ad(,.^i))'^^n ^'"f P^, (5.2b) 
{jhj'Y}D ^ {fx^fr} + (1 - Ad{u-^')rV^, s'^^jI^ - (1 - Ad{uy'))\v^, ^'^Vx 
+ (1 - Ad{ux^)ni - Adiuy^))'"^ecdfmf, (5.2c) 



with 
and 



Vab = IVab + l^abcW", (5.3) 



cotf \ 
w = I cot ^ coth -0 
— coth if) J 



Proof. To verify these relations for the Dirac bracket we need to calculate the Dirac matrix 
and invert it on the constraint surface. As the number of constraints makes a brute-force 

calculation very cumbersome, we exploit the structural features of Fock and Rosly's Poisson 
bracket to derive the result in a more direct way. Firstly, we recall that the variables p\, 
jx, X G {Ml, Ai, Bg}, can be identified, respectively, with functions and vector 
fields on PS'L(2, M)"+^^. This suggest grouping the constraints and gauge fixing conditions 
into two sets depending on whether they contain angular momentum variables or not. 
We order our constraints correspondingly: 

(5.5) 



Ci 


= fc. 


C2 


= jc^ 


Cz 






= ilfi ' 


C5 




Ce 






= P% 


Cs 


= Pc^ 


Cg 


= Pc^ 


Cio 


= Pmv 


Cii 


= Pmi, 


Cl2 


= PM2- 



With this ordering of the constraints, the Dirac matrix takes the form 

^ = (jpT r ) ' J -= ({C-i, C',}),,,=i,...,6, P := m, Cj+e})i,j=i,...,6. (5.6) 



As suggested by the notation, the 6 x 6-matrix J contains the brackets which involve two 
angular momenta. Its entries are therefore linear combinations of angular momenta with 
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momentum-dependent coefficients. The 6 x 6-matrix P contains the brackets of momenta 
with angular momenta. Its entries therefore depend only on the momenta. On the constraint 
surface, the matrices J and P take the form 



J 





-H^ G. 



P 



'0 

B C, 



(5.7) 



i,j = 1,2,3. (5.8) 



with 3 X 3-matrices A, B, C, G, H given by 

Aij := {CjjCj+g}, Bij := {Cj+s, Cj+eji Cij := {Cj+3, Cj+g}, 
Gij := {Cj+3, Cj+s}, Hij := {Cj,Cj+3}, 

As the lower-right block of D and the upper-left blocks of J and P vanish there, we obtain 



D 



-1 



' -{P~'f \ 

p-l p-lj^p-l)Th 



P 



-1 



-B-^GA-^ 







(5.9) 



P-'J{P 



-UT ^ (b^^ [G - GA-^H + {GA-^H)T] {3-^ -B-^H^{A-Y' 



A-^H{B-Y 







The task of inverting the Dirac matrix on the constraint surface thus reduces to inverting 
the 3 X 3-matrices A and B, and for all X,Y £ {Mi, . . . ,Bg} the Dirac bracket takes the 
form 

{Px,Py}d-0, (5.10a) 

{rxyY}D^{rx,PY} + T.[{jx,a+6}{B-%{p\-,G,+s} + {rx,Q^^^^ 



{rx,G^+e}{B-'GA~%{p'y,G,}], 



(5.10b) 



{fx,j'Y}D « {fxJ'Y}+^:f:{rx,C^}{D-%{j'y,G,} + f:j2{Jx,C^}{D-'^^^^^ 

i=lj=7 i=7 j=l 

+ E EOx, Gi}{D-%{j'y, G,}. (5.10c) 

i=7j=7 

We are now ready to prove the specific claims: 

1. That the components p\.f^, p\iii il/i ^^"^ ii/i Casimir functions of the Dirac 
bracket follows directly because they are gauge fixing conditions. The components 
P%ii ~ ^^"^ 3%h ~ have this property since /xi and si are Casimir functions of 
the Fock-Rosly Poisson structure. 



2. The first equation in (5.1) follows because the parameter is determined by Pa/2- To 
obtain the bracket {V'; Jxl-D) "^^ need to compute {p%^-,3x}d from (5.10b) and then 
use the chain rule. For this, we note that we have P(j ~ and hence T~'^{p(j) ~ 1 
which implies 

01,Q+6}~-(l-Ad(^x^i))"''~' Vi = 1,2,3. (5.11) 



Note that the index i plays the role of a label on the left hand side of (|5.11|), while it 
preted as 



is interpreted as a Lorentz index on the right hand side. Using ( |5.11 ), we obtain 
sin ^(1 - M{u-^'))\p\ _ (1 - Kd{u-^'))\p\ 



2 sin ^ sin ^ sinh ij) 



pR ■ {djR/da) 



(5.12) 
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The relations for {a,Px}D and {o(,jx}D can be verified in a similar fashion. The 
bracket {a,^/^}^) can be derived analogously from the bracket {jM2jP\i2}D- 



3. Relation (5.2a) follows directly from the form of the matrix D ^. To prove equation 



(5.2b|, we note that for X £ {M3, . . . , Bg} we have {Jx, Q+g} = 0. Using again (5.11 ) 
and the specific form of the constraints C4, C5 and Cg, we can simplify expression 



(5.10b) to 



(5.13) 



{rx,PY}D « {fx^Pr} + (1 - Adiux')rVede''',p'Y, 
3 

Ved = {B-'CA-')e+i,d+i - ^(i?-i)e+i,i^ef„(l - Ad(nx))/ Ve,d = 0,1,2, 

j=l Xe{Mi,Af2} 



where the coefficients are defined by the equation 

Cj+s = T.(^f,aJx Vj = 1,2,3, 

X6{Afi,M2} 



(5.14) 



and can be read off from (5.5). Inserting the expressions for the matrices A, B,C and 



the parameters 9j^^, we obtain expressions (5.3) and (5.4) 



4. To show relation (5.2c) for the Dirac bracket of two angular momenta, we make use of 



equation (5.11 ) and of the identity {jx, Q+g} = for all X G {M3, . . . , Bg}. Moreover, 
we note that for i = 1, . . . ,6 and X G {M3, . . . , Bg} we have 



{Px,Ci} = K,p'x, {jx,Q} = fb,jx, 



a -b 



(5.15) 



with coefficient functions /^^ G C°°{PSL{2,M.)'^"'~^^). We can therefore use the results 
that led to ( |5.13| ) to simplify equation ( 5.10c| ): 



{fx,fY}D ^ {fxJU + {l-Ad{ux')r''Vdge^%j 



-9b •/ 



Y 



(5.16) 



- (1 - Ad(n^i))'V,,e^Vi + (1 - Ad(7x^^))"^(l - Ad{uy')r\D-'),+r,d+7. 

As the matrix G and, consequently, the matrix {D~'^)c+7^d+7 is anti-symmetric, it is 
of the form {D~^)c+7^d+7 = ^cdf'^^ with a three-vector m that depends only on a, if) 
and on the parameters /^i, si, S2. Using the explicit expression for the matrix D~^, 



we find that m takes the form (5.4) 



□ 



The Dirac brackets derived in Theorem 5.1 have a direct physical interpretation. The gauge 



fixing condition (4.4) restricts the motion of the particle associated with the holonomy Mi 



completely. As the mass and spin variables are external parameters, i.e. Casimir 

functions of the Poisson bracket, there are no longer any physical degrees of freedom 
associated with this particle. This is reflected in the fact that the Dirac brackets of the 
variables Pjvfi) J Mi with all other variables vanish. 

In contrast, the motion of the particle associated with the holonomy M2 is not determined 



completely by the gauge fixing condition (4.4). It is characterised by two residual physical 



degrees of freedom. The first is its relative velocity with respect to the first particle, which 
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is given by the parameter ijj. The second is its minimal distance from the first particle, 
which is encoded in the parameter a. It follows from (5.1) that the parameter tp generates 
via the Dirac bracket a global translation (2.28) in the direction of that acts on all 
non-gauge-fixed holonomies. Similarly, the parameter a generates via the Dirac bracket a 
combination of a rotation (2.27) around and a translation (2.28) in the direction of p^. 

The Poisson brackets of the momenta and angular momenta Px^Jxi ^ {-^3) • • • ; 
Ai, . . . , Bg} of the non- gauge- fixed variables are modified with terms involving a matrix V 
and the vector m defined in (5.3), (5.4). As in the case of the Fock-Rosly Poisson structure, 
the Dirac brackets of two momenta vanish. Moreover, the matrix V, which appears in 
the bracket of momenta with angular momenta, depends only on the external parameters 
III, ji2 and the dynamical parameter ifj. It is a function of the Lorentzian components of the 
holonomies only. This implies that we can again identify the momenta of the non-gauge-fixed 
holonomies with functions on the product oi n + 2g — 2 copies of the Lorentz group and 
define the parameter ■0 function on P5'L(2, M)"+29-2 through (|46]). 

However, the Poisson brackets of two angular momentum variables are no longer linear 
combinations of angular momentum variables with momentum-dependent coefficients. This 
is due to the fact that the vector m defined in (5.4) has a component which depends on the 
parameters /ii, si and if) only. In contrast to the Fock-Rosly bracket, the angular momentum 
variables of the non-gauge-fixed holonomies can therefore not be identified with vector fields 
on the manifold P5'L(2, M)""'"^^"^. Instead, they are given as a sum of such vector fields 
and of functions on PS'L(2, M)"'*'^^"^. We will show in Section 6.1 that the Dirac bracket 
on the constraint surface can be obtained from the Fock-Rosly bracket on via a 

global translation. 



5.2 The Dirac bracket for the handle gauge fixing conditions 



For comparison with the gauge fixing condition based on the particle holonomies and to 
treat the case without particles, we will now derive the Dirac bracket for the two gauge 



fixing conditions (4.13) and (4.16) associated with the handles. The corresponding Dirac 



bracket is obtained along the same lines as the one for the particle gauge fixing condition 



in Theorem 5.1 , The only difference is the concrete form of the matrices A, B, C, D, G, H 
in the proof of Theorem |5.1| and the fact that the mass and spin variables for the a- and 
6-cycle of the gauge-fixed handle are dynamical variables instead of external parameters. 



After a direct calculation repeating the steps in the proof of Theorem 5.1 we obtain the 
following theorem. 

Theorem 5.2 (Dirac bracket for the handle gauge fixing). 



1. In terms of the variables defined in Theorem 2.1 and in equation (4.12), the Dirac bracket 



resulting from the "timelike intersection" gauge fixing conditions (4.13) is given as follows. 



a) The brackets of the mass and spin variables fiAi, f^Bn s^i, sbi of the gauge-fixed handle 
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and the variables ip, a take the form 



{fiAi , sai}d ~ 1 sbj}d ~ {fJ-Ai , /"bJd ~ {ip, fJ-A^lo « ~ {a, iP}d ~ 0, (5.17) 

{fJ'Ai,SBi}D ~ {sAd^bJd ~ cosV', {sai,sbi}d ~ -asinV", 

{V', }d ~ 5 sin coth ^ , 



^ cos ■0 coth 



2 
2 



SB 
4 



- sin (sin 



{ , }d ~ — ^ sin -f/; coth 
{a, /iAi }d ~ 5 sin coth 



2 ' 



{a, sb^Id^ — f cos V'coth ^^ + ^^ sinV' (sin ^, {a, /iB^lu — ^ sin -0 coth 

b) The Dirac brackets of the variables ^iai, s^i, fJ-Bn SBi,C(,ip with the momentum and 
angular momentum variables Px^Jx (-^ {^IjBi}) of the remaining holonomies are 
given by 



{a,Px}D ~ -e\cQtoPx, 
{^^a^,Px}d-0, 

{sa„Px}d ~ -e\c(lA,Px, 
{i^b„Px}d-0, 

{sb^,Px}d ~ -e^bclVx, 



{i^,fx}D^{l-Ad{u-^'))\ql, 
{a,rx}D « -e\,qLfx + (l " M{ux')) 

{sAi,ix}D ' 
{l^Bi,jx}D 
{sBi,j%}D ■ 



(5.18) 



(l-Ad(n3,i))>X 



(1-Ad(^^i))>^^, 

-eV4ix + (i-Ad(tz^i))Vk' 



where: 



'^rxn - — 



ei 

S^i COS Ip 



sin -0 coth 
cos Ip 
sin 



8sinh 



2 MA 



a 
2 



''cos 'p coth 
— sin Ip 
y cos ■0 



- coth ^ 


1 / cos Ip 

/fAi 
2 



S Bi COS 

Ssinh^'fL 



g^i sin Ip ep 
4sinh2'^' 



cos Ip coth coth 



sin ip coth 



coth 



cos coth 




asiwp 
4tanh^ 



'coth^ 
cot Ip 

1 



(5.19) 



c) The Poisson brackets of the momentum and angular momentum variables Px^Jx 

non- gauge- fixed holonomies are analogous to the ones for the particle gauge fixing. They 



are given by (5.2a), (5.2b), (5.2c) and (5.3) with 



w 



2 sin Ip 



''coth coth — cos V'^ 

2 coth sin ^p 
ycoth — coth cos ^ j 



m 



a dw SA dw s b dw 

= \- — \- — 

2 dip 2 dfiA 2 dfiB 



(5.20) 



2. The Dirac bracket resulting from the "spacelike intersection" gauge fixing conditions (4.16) 
is given as follows. 
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a) The brackets of the mass and spin variables fiAi, f^Bn s^^^, of the gauge-fixed handle 
and the variables ip,a take a form analogous to (5.17)/ 



- {iJ-Bi , sbi}d ~ {fJ-Ai , ^bJd 
^ i cosh tp, 



{fJ'Ai,SAi}D 

{fJ'Ai,SBi}D ~ {sAi,IJ'Bi}d ~ COshV', {sAi,SBi}. 

{ip, SAj} D^lsinhtpcoth^, {iP,sbAd 

{a, sai}d^ f coshV' coth ^^ — ^sinhip (sin ^^)~^, {a, /^Ai}d 

{a, s^iId ~ — f cosh^/; coth ^^ + ^ sinh tp (sin ^^)~^, {a, /^BiId 



'{V',AtAi}D~{V',m}D~{">V'}D~0, (5.21) 

sinh'0, 

2 ' 



{sai,sbi}d ~ a sinh ■0, 
{V'j ~ — 5 sinh V'coth 

-)~^, {a,/iAi}D~5sinh^/;coth 
^)~^, {a,/iB^}£)Ss — ^ sinh?/;coth 



b) The Dirac brackets of the variables fiAi,SAi, fJ-Bi^SBnCtjip with the momentum and 
angular momentum variables Px^Jx (-^ {^i^Bi}) of the remaining holonomies are 
given by 



{V',Px}d~0, 
{a,Px}D ~ -e\cQLPx, 
{iJ'Ai,Px}d ~ 0, 
{sa^,Px}d ~ -e\cQAyx, 
{iJ'Bi,Px}d ~ 0, 
{sb^,Px}d ~ -e\cQByx, 



{i;,rx}D^{t-Ad{u-x'))\ql, 



(5.22) 



l\\a 



{a,fx}D « -e\,qUx + (1 " Ad(n3^i)) 
{A^Ai,jl}D«(l-Ad(^/^l))",(?^^, 

{sA„jx}D ~ -e^c^AiJx, 
{/XB,,jl}D«(l-Ad(n^i))",4, 

jIId ^ -e^c'zkix + (1 - Ad(^3,i)) 



where: 



ei 



9Bi 



sinh ip 
cosh ^/^ 
sinh'^coth 



SAi cosh 
8sinh2^ 



-1/ cosh-f/j' 


coth'f^ 



+ 



s Bi cosh -0 
8sinh2^ 



2 



cosh 
sinh 
, cosh ip coth ^-^^ 



Syi^ sinh ip 62 
4sinh2^ ■ 



cosh ip coth — coth 
sinh ^ coth 



2 



, cosh coth coth '^^ 



1 

tanh-;/' 
^coth'^ 



Q sinh 
4tanh^ 



2 

/ 1 

coth ■(/; 
1 



1, 



(5.23) 



c) The Poisson brackets of the momentum and angular momentum variables PxjJx 
non-gauge-fixed holonomies are given by (5.2a), (5.2b), (5.2c) and (5.3) with 



1 



w = — 



2 sinh ^ 



''coth cosh ■(/; — coth 
2 coth sinh ip 
y cosh ■0 — coth coth 



a dw SA dw 



+ 



SB dw 
2 dfiB' 



(5.24) 



The Dirac brackets obtained from the two handle gauge fixing conditions exhibit many 



structural similarities with the one for the particle gauge fixing condition in Theorem 5.1 



Firstly, the Dirac brackets of the momenta and angular momenta of the non-gauge-fixed 



holonomies take an analogous form and are again given in terms of a matrix y as in (5.3) 



and a vector m defined by (5.20), (5.24). As in the particle case, the matrix V depends only 
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on the parameters fiAi , Bi and ip and is therefore given as a function of the Lorentzian 
components of the non-gauge-fixed holonomies. However, in contrast to the particle gauge 
fixing condition, the vector m is now given as a linear combination of angular momenta, and 
does not have a component which depends only on the Lorentzian part of the holonomies. 
This is due to the fact that the spin variables sai,sbi in (5.20), (5.24) are dynamical 
variables, not external parameters as the spin variables si, S2 of the particles. 

This implies that we can identify the momentum variables of the non-gauge-fixed holonomies 
with functions on the group P5L(2, M)"^^^"'^ and their angular momenta with vector fields 
on the same group. The structure of the Dirac bracket is thus similar to the original bracket 
in Theorem 12.11 The Dirac bracket of two momenta vanishes. The Dirac bracket of momenta 
with angular momenta is given by the action of vector fields on functions. And the Dirac 
bracket of two angular momenta corresponds to the Lie bracket of the associated vector 
fields. In this description, the parameters fiAi, f^Bni^ are given as functions of the Lorentzian 
components of the non-gauge- fixed holonomies. The parameters sa_i, SBi,ct depend on both, 
their Lorentzian and translational components. 

As in the particle gauge fixing, the parameters a, Poisson-commute with each other. 
Equations (5.18), (5.22) imply that the variable ip generates global translations of the 
non-gauge-fixed holonomies in the direction of the vector q^. However, in contrast to the 
particle case, where this translation was in the direction of the total momentum p^, one 
can show that the vector in (5.19), (5.23) is not parallel to the total momentum pj^_^ 
associated with the gauge-fixed handle via uki = [i^BijW^l] = exp(— Jq). 



Similarly, equations (5.18), (5.22) imply that the variable a generates global rotations around 
q^ and global translations in the direction of the vector Too defined in (5.19), (5.23). Neither 
of these vectors coincides with the total momentum vector of the handle. 

The main difference in relation to the particle gauge fixing condition is that the parameters 
A* Ai , fJ-Bi, SAi , s Bi are dynamical and do not Poisson-commute with the other phase space 
variables. Listead, it follows from (5.18), (5.22) that the variable //Ai generates global 
translations of all non-gauge- fixed holonomies in the direction of p^^ = ei- The variable 
generates rotations around Pa-^ = ei- The variable fiBi generates global translations in the 
direction of the vector q^_^ in (5.19), (5.23). However, this vector does not coincide with 
the vector p^^. Instead, it is given as the sum 9^1= PBi + coth ^-^Pai ^PBi- Similarly, 
the spin variable sbi generates a combination of global rotations around q^^ and global 
translations in the direction of the vector vb^ in (5.19), (5.23). 



6 Interpretation 

6.1 Gauge fixing with particles 



Having derived the Dirac bracket of the gauge-fixed system, we now investigate its inter- 
pretation in terms of spacetime geometry. We start by considering the Dirac bracket in 



Theorem 5.1 that results from the particle gauge fixing condition (4.4). For this we recall 



that the constraint (3.10), which is a Casimir function with respect to the Dirac bracket. 



relates the variables associated with the two gauge-fixed particles to the variables of the 
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remaining particles and handles: 



{eMPRJc)jR) = M2M1 « M3-1 • • • M-i[.4r\ Si] • • • [Ag\Bg]. 



(6.1) 



The three- vector can thus be expressed as a function of the Lorentzian components 
of the residual holonomies. The three-vector can be identified with a vector field on 
P5'L(2, R)""^"'"^^ and is given in terms of the angular momentum vectors of the residual 
variables by 



JR 



-1 
Ms 



Hi 



-1 



(6.2) 



i=3 



i=l 



with and jj^. as in (3.12 ). As the first two particles were used to determine the reference 
frame of the observer and their holonomies are fixed, we can interpret the non- gauge- fixed 
particles and handles as a dynamical system embedded in a background geometry that is 



specified by the two gauge-fixed particles. The variables and j'^ defined in (4.6) and 



(4.8a) can be viewed as the total momentum and angular momentum of this residual system. 



The phase space transformations generated by these variables correspond to the effective 
symmetries of the residual system. 



6.1.1 Conical symmetry via gauge fixing with particles 



To develop a precise understanding of these effective symmetries and of the impact of gauge 
fixing, we compare the global symmetries of a non-gauge-fixed system with n — 2 particles 



and the original Poisson bracket from Theorem 2.1 to the effective symmetries of the Dirac 
bracket. We consider the Fock-Rosly bracket for n — 2 particles labelled by holonomies 
M3, . . . , Mn and g handles with associated holonomies Ai, Bi, . . . , Ag, Bg with the ordering 
of Theorem |2.1[ This corresponds to erasing the loops mi , 772-2 from the set of generators 
of TTi{Sg^n) in Figure 2j A short calculation shows that the associated variables and 
defined by (6.1 ), (6.2) take the role of the variables P(j and for the Fock-Rosly bracket 
on p^"*"^^. Their Poisson brackets thus take the form ( 3.13[ ): 



{P'k,p'k} = 0, {fn^pU 



^ab c 
cPRj 



{Jr^Jr} 



ab -c 

cJr- 



(6.3) 



Their brackets with the momenta and angular momenta of the residual particles and handles 
are given by (3.14). So for any € that does not depend on the phase space variables, 
we have for ah X € {M3, . . . , Bg}: 



{v-jR,Px} = vApx, 
{v-JrJx} = v/\jx, 



{t^-PR,Px} =0, 

{v ■ pj^Jx) = (1 - P^A{u-^^))T-\pr)v 



(6.4) 



The effective symmetries of the non-gauge- fixed system with the Fock-Rosly bracket therefore 
correspond to the action of the Poincare group P3 on three-dimensional Minkowski space. 
Hence, we can interpret this system as a (2-|-l)-spacetime that is effectively Minkowskian. 

To compare this with the effective symmetries of the gauge-fixed system, we determine the 
Dirac bracket of its total momentum pj^ and angular momentum with the momenta and 
angular momenta of the non- gauge- fixed particles and handles. The form of these expressions 



on the constraint surface follows directly from equations (5.1 ) and from expressions (4.6)-(4.8 ) 



for pji and j'^ in terms of the parameters and a. We obtain the following corollary. 



33 



Corollary 6.1. The components of the total momentum and angular momentum of the 
residual system Pois son- commute weakly: 

{PR,Pr}d ^ {fRMo ^ {fR,j'k}D ^ 0. (6.5) 
For all X £ {M3, . . . , M„, Ai, . . . , Bg} and v G M^, we have: 

{v-Pr,Px}d^O, (6.6a) 

• PR. jx}D « r{v) (1 - Ad{u^'))pR, (6.6b) 

{v-jR,Px}D~(l){v)pRApx, (6.6c) 

{v • JR, jx}D ~ (Piv) A jx - (1 - Ad(n^i)) [(j{v)pji + </)('y)p^ A a:;/j] , (6.6d) 
where 4'{v), t{v), cr{v) are linear functions of v given by expression (|5.1|) for ^r and 



t{v): 



V ■ {dpR/dj') 
Pr • {dpR/d%b) ' 



PR-{djR/da)' 



V ■ {djR/dj') 
Pr • {djR/da) 



iR(t>{v). (6.7) 



Equations ( |6.6a| ) and (6.6b) state that the phase space transformations generated by the 
components of the total momentum p^ are global translations in the direction of Pr. 



Equations (6.6c) and (6.6d) imply that the phase space transformations generated by the 



components of the total angular momentum are global translations in the direction of Pr 
together with rotations around the geodesic gR{t) = tp^ + xr, xr ■ p^^ = 0. Their action on 
points in Minkowski space is given by 



y^XR + Ad{uR{(p)){y - xr) + apR, ur{4>) = exp{(pp%Ja) 



(6.8) 



The term (p{v)pR A xr in (6.6d) arises from the fact that this geodesic does not go through 
the origin but has an offset xr. The parameter </>(t?) defines the angular velocity of the 
rotation generated by the angular momentum vector j^. The parameters t{v) and o'(v) 
define the relative velocity of the translations generated by, respectively, the momentum p^^ 
and the angular momentum j^. 

It follows from the discussion in Sections 12.21 and 14.11 that these translations and rotations 
are precisely the symmetries of the cone whose axis is given by the geodesic gR. This is 



the cone associated to the two gauge-fixed particles via (4.6)-(4.8). The effective symmetry 



group of the Dirac bracket is therefore the two-dimensional abelian symmetry group of a 
cone in Minkowski space, which is generated by a rotation around its axis and a translation 
in the direction of its axis. This allows us to interpret the system as a (2-|-l)-spacetime which 



is effectively conical. As detailed in Section 2.2 an element of the Poincare group defines a 



cone in Minkowski space. Corollary |6. 1| states that this cone is the one given by the product 
M2M1 of the holonomies of the gauge fixed particles. Its deficit angle and time shift are 
dynamical variables given by the relative velocity tanh ■0 and the minimal distance a of the 
gauge-fixed particles or, equivalently, the total mass fiR and spin sr of the non-gauge-fixed 
system. 

The particle gauge fixing procedure therefore has a clear interpretation in terms of spacetime 
geometry: It describes the transition from an effectively Minkowskian (2-|-l)-spacetime 
associated with the original bracket to an effectively conical spacetime associated with the 
Dirac bracket. The geometry of the cone is determined by the mass and spin parameters 
of the two gauge-fixed particles and by the two dynamical variables that characterise their 
relative motion, their relative velocity tanh'0 and their minimum distance a. The former 
defines the opening angle of the cone and the latter its time shift. 
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6.1.2 Particle gauge fixing as a global translation 



To analyse the geometrical interpretation of the particle gauge fixing procedure and the 
resulting Dirac bracket further, we investigate its relation to the original bracket in Theorem 



2.1 , In this context, it is natural to ask if the Dirac bracket (5.2) for the variables of the 



non- gauge-fixed particles and handles can be related to the original bracket (2.43) via a 



certain coordinate transformation. More precisely, we ask if there exists a diffeomorphism 



-'3 



p. 



,n+2g-2 



such that the bracket (2.43) of the transformed momentum and 



angular momentum variables agrees with their Dirac bracket on the constraint surface: 



{/ o r, 5 o r} « {/, g]D or v/, 5 g c^{p'^ 



)• 



(6.9) 



Note that this condition does not imply that Fock and Rosly's Poisson structure is Poisson- 



equivalent to the gauge-fixed Poisson structure in Theorem 5.1, This is because Fock and 



Rosly's Poisson bracket does not restrict to a Poisson structure on the constraint surface. 
Moreover, since we inverted the Dirac matrix only on the constraint surface, it cannot be 



expected that identity (6.9) holds globally. 



To determine if there exists a transformation F : p^^'^^ 



pn+2g- 
^3 



that satisfies condition 



(6.9), we note that formula (5.2b) is consistent with a transformation that affects only the 



angular momentum variables jx, X S {M3, . . . , M^}, and transforms them by a global 
translation that depends on the vector jj^, on the total mass fiji and on external parameters 
that Poisson-commute with all functions in C°°{P^^'^^ ^). We obtain the following theorem. 



Theorem 6.2 (Particle gauge fixing as a global translation). 

Consider the Poisson manifold Mpji = (P^'^'^^ ^, { , }), where { , } is the Poisson bracket 
(2.43) restricted to the system with the first two particles removed. Denote by Pr^Jh the 
total momentum and angular momentum defined via 



-^■■■M~\A^\Br]...[A-\, 



Br. 



(6.10) 



Introduce external parameters ^i,/U2,si,S2 which Poisson-commute with all functions in 



c°°(p:' 



"^^^ and define Tp G C°°{P^^'^^ ^) as a function of the total mass fiji and of the 
parameters /ii,^2 through equations (4.6). Define a G C°^(P^^^^ ^) as a function of 



IJ'It 1^-2, si, S2 and the total spin sr through equation (4.8b). 

2 



Let F : P^+^^ 



pn+2g- 
^3 



be a global translation: 



F : 



Ux ^ ux, 



[3x^3x + {T^-Mux))t, 



yX G {M3,...,Mn,Ai,... 



•Bg}. 



(6.11) 



Suppose the translation vector t is of the form t = —Vj^ + a, where the 3 x 3-matrix 



V is given as a function of the variables /i/?, /Ui, /i2 by (5.3), (5.4) and the three-vector 



a is a function of ^i, fj,2, fJ.R, si, S2, sji which is given below in the proof. Then the map 

n+2g~2 



F • 



P3 ^ satisfies 



{foT,goT]^ {/, g]D o F V/, 5 G {P^^^'-^) 



(6.12) 



where { , }_d is the Dirac bracket for the particle gauge fixing derived in Theorem 5.1 and 

3 



denotes equality on the constraint surface C C P"'^^^ ^ defined by conditions (4.6). 
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Proof. The proof is a direct but lengthy calculation. We use the coordinates from Theorem 
|2.1| and start by determining the Poisson brackets of momentum and angular momentum 
variables. From the definition of the map T, we have 

{j1 or,p'yor} = {f^,p'y} + (1 - Ad(n^l))'^J^^4} (6.13) 

for X,Y e {M3, . . . , M„, Ai,..., Bg}. With the identities 

{^n,p'Y} = 0, = -n {jR,PY} = V^ae'^fPi^, (6.14) 

which follow directly from the expressions for Fock and Rosly's Poisson structure in Theorem 



2.1 we obtain agreement with formula (5.2b) in Theorem 5.1 



To determine the brackets of the angular momentum variables, we use the identity 



{fx,J^} o r = {f^,j^} - 01, Ad(n^^)^,}t'* + {j^, Ad( 



u 



-l\a 
X I c 



(6.15) 



and obtain 



{fx o r,i^ o F} = o F + (1 - Kd{uy'))\{3'k,t'} - (1 - Kd{u-^'))\{fyX} 



(1 - KA{u-^'))\{t^,M{uy^)\]t'^ + (1 - Kd{uy^))\{t\M{u'^'rc]t 



+ (1 - Ad{u~^'))\{l - Adiuy'))^^^^, t"} + e^dftf). 
After some further computations this reduces to 



(6.16) 



{fx o r,fy o F} = o F + (1 - Ad{u-/)rV'^, 6^(i^> o F) 



1 - Ad{uy'))'Xg e^\U'^ o F) + (1 - Ad(n^i))"^(l - Ad(n^i))'"'.,,ym/, (6.17) 



l\\bd 



where the three-vector rh takes the form 

dw'' 



rh= U(^^2^1) + ip^^ 



JR 



dw 



+ Aa — pj^A 



da 

dfJ^R' 



(6.18) 



On the constraint surface C, the three-vector is given by (4.6b), which implies that the 
factor in front of jj^ vanishes. If we set 



a 



sin ^ sin ^ sinh ^ 



2sin^ 



SlPMa ^Pr + S2Pm^ ^Pr 



sin2f 



-h( si(cot ^-hcot ^ cosh 'i/')+S2 (cot ^-hcot ^ coshV') ) pR A 



(6.19) 

dw' 

dip _ 



with pjyj^ = Co, — cosh -f/; Co -|- sinh-f/^ei and w defined via (5.4), we obtain rh ^ m 
with m given by (5.4). This proves the claim. □ 



Theorem 6.2 states that the Dirac bracket of the residual system, i.e. the system without the 
two gauge-fixed particles, can be obtained from its Fock-Rosly bracket by applying a global 
translation (6.11) that depends on the total mass and on the total angular momentum 
Jr of the residual system. Under this translation the total angular momentum transforms as 

r :jR^Wjii + {l-Ad{u]i^))a, W = 1 - {l - Ad{u]i^))V. (6.20) 
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A short calculation shows that the matrix W takes the form W"'^ = u'^p^ with a spacelike 



vector u that satisfies u p^ = 1. This implies that on the constraint surface defined by (4.6), 
W'^ is a projector onto Span(p^). This ensures that the Lorentz transformations generated 
by j involve only rotations around the axis of the cone defined by the gauge-fixed particles. 
The gauge fixing procedure can thus be understood as a global translation which modifies 
the total angular momentum in such a way that the associated Lorentz transformations are 
reduced to a rotation around the axis of the cone. 

Similarly, the specific form of the vector a ensures that the translations generated by the 
total angular momentum are no longer the full set of translations in but, on the 
constraint surface, reduce to translations in the direction of the cone's axis. Note, however, 
that the agreement of the resulting bracket with the Dirac bracket defines the vector a in 



Theorem (6.2) only up to translations in the direction of the momentum p^^. 

This provides a simple and direct interpretation of the gauge fixing procedure and the 
Dirac bracket in terms of the geometry of the associated spacetime. Gauge fixing can be 
understood as a global translation of the non-gauge-fixed particles and handles which is 
such that the translated total angular momentum generates precisely the symmetries of the 
cone defined by the two gauge- fixed particles. 

The total mass of the residual system plays the role of a total energy variable and can be 
viewed as the Hamiltonian of the system. The associated transformations are translations in 
a preferred time direction, which is given by the axis of the effective cone. The variable sr 
plays the role of a total angular momentum variable of the system. The associated phase 
space transformations are rotations around the axis of the cone. 



Note also that Theorem 6.2 allows one to extend the Dirac bracket beyond the constraint 



surface. While the formulas in Theorem 5.1 are only valid on the constraint surface defined 



by (4.6), the bracket resulting from the global translation in Theorem 6.2 is defined for all 



values of the variables Px^Jx^ ^ ^ {-^3) •••) Ai, Bg}. 
6.2 Gauge fixing with handles 

As in the case of the particle gauge fixing, we will now give a physical interpretation of the 
Dirac brackets for handles in terms of the geometry of the residual variables. 

As the degrees of freedom of the first handle were used to determine the reference frame 
of the observer, they can be eliminated from the description and expressed in terms of the 
momenta and angular momenta of the residual handles via the constraint 

{bMpWJr) = [Bi,Ai'] « [A^\B2]---[A-\Bg] (6.21) 



together with ( 4.17| ). This allows us to interpret the three-vectors Pr, Jr in (6.21) as 



a 



total momentum and angular momentum vector of the residual system, i.e. the handles with 
holonomies A2, B2, Ag, Bg. The phase space transformations generated by these variables 
can be viewed as the effective symmetries of the residual system. 

6.2.1 Poincare symmetry via gauge fixing with handles 



From Theorem 5.2 it follows directly that these effective symmetries are the ones of Minkowski 



space. By taking the partial derivatives of Pr^Jr with respect to the parameters of the 
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^auge-fixed handle, we obtain for all / G C°°(P^^^^ ^) 



{PrJ}d 

{fRj}D 



^"hi^, f}D + P^lf^A. , f}D + , f}D, 



dip d^A^ OflBi 
-^{V, JiD + i^Ai ,J}D + ^ 



f}D + ^{SA, , f}D + §^{SB, , f}D. 



da 



dsAi 



Bi 



(6.22) 



(6.23) 



Using the expressions (5.18), (5.22) for the Dirac bracket in Theorem 5.2 we find that the 



components of the total momentum vector pj^ generate three linearly independent translations 
in the direction of the vectors q^, q^^, ii'i (5.19), (5.23). Similarly, the components 



of the angular momentum vector jj^ generate three independent Lorentz transformations 
with axes q^^ , qA^ , qsi two translations in the direction of the vectors Too , Bi given by 



(5.19), (5.23). 



The effective symmetries of the handle gauge- fixed system are therefore the ones of Minkowski 
space, and its effective symmetry group is the Poincare group P3 in three dimensions. This 
distinguishes the handle gauge fixing from the particle gauge fixing, for which the effective 
symmetries were conical. It is a consequence of the fact that the gauge-fixed handle has 
six residual dynamical degrees of freedom: the variables MSd ^Ai, ss^, ^, a, whereas a 
system of two gauge-fixed particles has only two such degrees of freedom, the parameters 
■0, a which define the deficit angle and time shift of the cone. 



6.2.2 Handle gauge fixing as a global translation 

As in the case of the particle gauge fixing, the form of the Dirac bracket in Theorem 5.2 
suggests that the Dirac bracket for the handle gauge fixings could be obtained from the 
Fock-Rosly bracket by applying a global translation. However, in contrast to the particle 
case, one would expect this relationship to hold globally. For the particle gauge fixing, the 



constraint surface defined by (4.6)-(4.8) is a (6[n — 2] -|- 12g — 4) -dimensional submanifold 
of the (6[n — 2] -|- 12(7)-dimensional manifold In contrast, the handle gauge fixing 

constraints yield a manifold of dimension 12{g — 1), which coincides with the dimension of 

2,0—2, 

Pg^ . This suggests that the Dirac bracket can be obtained from the Fock-Rosly bracket 
for a reduced system with g — 1 handles through a coordinate transformation. This is the 
content of the following theorem. 

Theorem 6.3 (Handle gauge fixing as a global translation). 

Consider the Poisson manifold MpR = {P^^~^, { , }), where { , } is the Fock-Rosly bracket 



(2.43) restricted to the system with the first handle removed. Define the total momentum pj^ 



and angular momentum of the system via 

(eMpWJR) = [A^\B^']...[A-\Bg]. (6.24) 

Let r : P^^~^ Pg^"^ be the smooth map that describes the transformation of the holonomies 
under global conjugation with a translation by t = —Vjfi: 

r:|^''^"^' ,^ AHr-i^U/- yXe{A„...,B,}, (6.25) 
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where the matrix V is a function of the total momentum pj^. Introduce variables fiAi , fJ-Bn SAi , 
sbi,iI^,0( G C°°(P3^~^) by defining them as functions of the total momentum = pj^ o T 
and the total angular momentum j ^ o r through equations (4.17); 



(exp(p?jJ,),j^or) = [i?i,^r'] 



(6.26) 



where Bi^Ai are given by (4.12) for the timelike gauge fixing condition or by (4.15) for the 
spacelike gauge fixing condition. Suppose the matrix V is of the form Vab = ^{Vab + ^abcW^), 



where the three-vector w given as a function of pji,jji by ( 5.20[ ) (timelike gauge fixing 
condition) or ( 5.24[ ) (spacelike gauge fixing condition). Then the map T : P^^"^ — )■ P^^~^ 
satisfies 

{for,gor} = {f,g}Dor yf,g eC'^iP^'-'), (6.27) 

where { , }d is the Dirac bracket for the timelike or spacelike gauge fixing condition given in 
Theorem \5.S\ 



Proof. The proof is similar to the one of Theorem |6.2[ For the Poisson bracket of momenta 
and angular momenta JxiPy^ X,Y ^ {A2, Bg}, we obtain 

{j1 oTjyoT} = {fxJy} + (1 - M{u-x')fXg e^'fpj, (6.28) 

which agrees with the expression in Theorem |5.2[ To determine the brackets of the angular 
momentum variables, we use the identity 



+ (1 - Ad{u-^')r^{l - Ad(n^i)) Vfgj% (6.29) 

which yields 

{fx o r,j'y o r} = {fxj'y} o r + (1 - Ad{uy'))\{rx,t''} - (1 - Ad{u-^'))\{j'y,t^} 

- (1 - Ad{u-^'))\{t^,Ad{uyy,}t'' + (1 - Ad(n^i))',{t^ Ad(u3,i)^Jf 



+ (1 - Ad{u-/))\{1 - Ad(n^i))',({t^ t'} + e,,ftf). 
After some further computations this reduces to 

{fx o r, jt o n = 01, j^} o r + (1 - Ad{u~/)rv'^, e\{j^ o D 

+ (1 - Ad{u'^')r{j'y o r, V,f}j{, - (1 - Ad(n^i))''^{jl o r, Vdf}jf 



(6.30) 



(6.31) 



R 



(1 - Ad{ny'))\V^^ e'\{fk ° r) - \{v? + 1)(1 - Ad{u^)f\\ - Ad{uy'))''%,fji. 



Using the formula for the Fock-Rosly bracket in Theorem |2.1[ we then derive the identities 



{jx°^,Vdf} 



dpi 



l-Ad{u^')r{T-'{pj,),k - V^gsJ^'pf), (6.32 



dpi 



where T ^{pji) : 



p3 ,v 



is the map defined given by (2.14). Inserting these expressions 



into (6.31 ) together with the definition of the map T ^(p) and the definition of the variables 

(6.33) 



A*Ai) /^Bi ) V') we obtain after a lengthy computation: 

{jl o r, o F} = te, j^} o F + (1 - Ad{u-^^))\V^, e'^\{j'^ o F) 



1 - Ad(n3,^))"'^{j^ o F, + (1 - Ad(u3,^))"^(l - Ad{uy')fe 



cdf 
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where the three-vector rh takes the form 

dw 



m 



dw 



dw 



(6.34) 



and g^^, q^^, are given by (5.19) (timehke gauge fixing condition) or ( 5.23| ) (spacehke 
gauge fixing condition). 



To evaluate this expression further, we make use of condition (6.26) which relates the angular 



momentum to the variables /i^i , I^B^'ip, sai ,SBi,a. We obtain: 
j^oT = WjR = - \m{ub,) - Ad(nB,n^i)j j + [Ad(uBj - M{[ub^,u'M j^,, (6.35) 



where ub^, uai, Jai^ 3bi given by (4.12) (timelike gauge fixing condition) or (4.15) 
(spacelike gauge fixing condition), and the invertible matrix W is defined as in (6.20). After 
inverting the matrix W and performing some further evaluations, we obtain 



QbJr 



-SBi, 



QooJr 



-a. 



(6.36) 



Inserting these expressions into (6.34 ) then yields the expression for the vector m in Theorem 
5.2 and proves the claim. □ 



Theorem 6.3 states that the Dirac bracket associated with the two gauge fixing conditions 
for handles is obtained from the Fock-Rosly bracket on Pg^ ^ via the invertible coordinate 
transformation (6.25). It is therefore Poisson-equivalent to the restriction of the Fock-Rosly 
bracket to g — 1 handles. However, despite this equivalence, passing from the bracket in 



Theorem 2.1 to the Dirac bracket in Theorem |5.2| has non-trivial physical implications. 
Unlike the variables in the Fock-Rosly bracket, the variables PxiJx Dirac bracket 

have a physical interpretation in terms of the geometry of the non-gauge-fixed handles. 
Passing from the Dirac bracket to the Fock-Rosly bracket for g — 1 handles therefore leads 
to a set of variables that no longer have a direct physical interpretation. 



7 Outlook and Conclusions 

In this article, we applied Dirac's gauge fixing procedure to the phase space of (2-1-1)- 
dimensional gravity with vanishing cosmological constant. We considered spacetimes of 
general genus and with a general number of punctures representing massive point particles 
with spin. We showed that in this context imposing gauge fixing conditions amounts to 
specifying an observer in the spacetime. This leads to two types of natural gauge fixing 
conditions. The first characterises an observer with respect to the worldlines of two point 
particles, the second with respect to the geometry of a handle. 

We derived explicit expressions for the associated Dirac brackets and showed that the Dirac 
bracket has a direct interpretation in terms of spacetime geometry. For the gauge fixing 
condition based on two point particles, the symmetries of the resulting Dirac bracket are 
those of a cone whose opening angle and time shift are given, respectively, by the relative 
velocity and the minimal distance of the two particles. The gauge fixing condition based on 
a handle leads to an effectively Minkowskian spacetime. 

In both cases, there is a direct relation between the Dirac bracket and Fock and Rosly's 
Poisson structure for a reduced system with, respectively, two particles or a handle removed. 
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The Dirac bracket is obtained from the bracket for the reduced system via a global translation. 
For the gauge fixing condition based on particles, this allows one to extend the Dirac bracket 
beyond the constraint surface. For the gauge fixing condition based on the geometry of 
a handle, it demonstrates that the Dirac bracket is Poisson-isomorphic to the Fock-Rosly 
bracket for the reduced system. 

We expect our gauge fixing procedure to generalise straightforwardly to Euclidean (2+1)- 
gravity with vanishing cosmological constant. In this case, the Poincare group in three 
dimensions is replaced by the Euclidean group and Fock and Rosly's Poisson structure is of 
a very similar form. Using the explicit description of the Poisson structure in [51], it should 
also be possible in principle to generalise it to Lorentzian (2+l)-gravity with non- vanishing 
cosmological constant and to Euclidean (2+l)-gravity with negative cosmological constant. 
However, as the relevant isometry groups are no longer semidirect product groups in these 
cases, inverting the Dirac matrix will become much more involved. While it reduces to 
inverting 3 x 3-matrices for the case of vanishing cosmological constant, this will no longer 
be the case when a non-trivial cosmological constant is present. 

Given that the gauge fixing procedure involves a system with six first-class constraints and 
six gauge fixing conditions, the resulting Dirac bracket is surprisingly simple. This hints at 
the presence of underlying mathematical structures that give rise to these simplifications. 
The results of jl6| . which investigates the gauge-invariant phase space in 5L(2, C)-Chern- 
Simons theory with punctures, indicate that these could be dynamical quantum groups and 
the associated classical structures. We intend to explore the relation between the Dirac 
bracket and dynamical quantum group symmetries in a future work. Generally, it would be 
interesting to compare our gauge fixing to the results in [16^, which used a very different 
approach to describe the gauge-invariant phase space of the theory. 

The Dirac bracket obtained from the particle gauge fixing condition also serves as a model 
for open universes, i.e. spacetimes that have a boundary at spatial infinity and on which 
one imposes the boundary condition that the associated metric is effectively conical. While 
we obtained the conical structure of the spacetime via a gauge fixing procedure, the 
Poisson structure of Theorem 5.1 on the constraint surface defined by (4.6) can be regarded 
independently of its origin. In this case, the mass and spin variables of the gauge-fixed 
particles that arise in this bracket play the role of parameters that describe the orientation 
of the cone. It would be interesting to see if and how this Poisson structure is related to the 
results in [52] which defines a model for open universes constructed by coupling non-standard 
punctures to Chern-Simons theory. 

One of our main motivations for deriving the Dirac bracket of (2+l)-gravity is the construction 
of a fully gauge-invariant quantum theory based on a quantisation of the reduced phase space 
with the Dirac bracket. As the Dirac bracket associated with our gauge fixing conditions can 
be formulated in terms of vector fields and functions on several copies of the three-dimensional 
Lorentz group PSL(2,]R), the gauge-invariant phase space should be directly amenable to 
quantisation. This would provide a fully gauge-invariant quantum theory of gravity which 
includes an observer and which is described in terms of physically meaningful quantities. 
In particular, it would be interesting to see what role the geometrical restrictions on the 
particle's worldlines play in the quantum theory, and if there are consistency conditions that 
require inclusion of this case. 
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